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1 Dep. Matemática e Informática, Universidad Pública de Navarra

Campus de Arrosad́ıa, 31006 Pamplona, Spain.

e–mail: victor.dominguez@unavarra.es
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Abstract

In this paper we propose and analyse a novel numerical method for a Helmholtz
transmission problem in a bounded domain, with non–homogeneous mixed condi-
tions on the exterior boundary. The method relies on the superposition of a classical
Lagrange finite element method on a triangulation of the domain without the interior
obstacles and a general stable boundary element method for an exterior Helmholtz
transmission problem. The analysis of the scheme is carried out by transforming
the exact and the approximated equations into an abstract operator equation of the
second kind with a non–standard approximation of it. A numerical example for a
two dimensional case shows the good behaviour of the method and its advantages
for some particular geometries.
AMS Subject Classification: 65N30, 65N38
Keywords: Boundary elements, finite elements, transmission problems, overlap-
ping.

1 Introduction

In this work we propose and analyse a novel formulation and its numerical approximation
for a class of Helmholtz transmission problems in bounded domains. The basic principle
underlying this formulation is the decomposition of the solution in two parts. One of them
takes care of boundary conditions in the outer boundaries and ignores interior obstacles
(acting as a sort of incident wave that, unlike in the usual exterior scattering problems,
is unknown). The second part solves a Helmholtz transmission problem in the whole of
the space by employing layer potentials.

With a geometry in two or three dimensions as that described in Figure 1 (we will
specify conditions later on), we are basically trying to solve the following problem (γΓ and
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∂Γ denote traces and normal derivatives respectively):

∆ω+ + λ2ω+ = 0, in Ω+,

∆ω− + µ2ω− = 0, in Ω−,

γΓω+ − γΓω− = gΓ, ∂Γω+ − α ∂Γω− = χΓ,

γDω+ = gD, ∂Nω+ = χN .

The solution is written formally as

ω+ = u +

∫

Γ

φλ( · − x)ψ+(x)dσ(x), ω− =

∫

Γ

φµ( · − x)ψ−(x)dσ(x),

where φρ is the outgoing fundamental solution of ∆+ρ2. The unknowns are two densities
ψ±, defined on the interface Γ and a function u, such that ∆u + λ2u = 0 in the domain

Q := Ω+ ∪Ω
−
. If u were known, ψ± could be computed by solving a system of boundary

integral equations, equivalent to the transmission conditions on Γ, with traces of u on this
surface as part of the data. If, on the other hand, the exterior density would be known,
then u could be computed by solving a variational problem in Q, with the potential
generated by ψ+ evaluated in points of Σ as part of the boundary data. Since the whole
set is unknown, we have a coupled set of boundary integral equations and variational
formulation for a BVP.

The elementary idea for numerical approximation of the problem is using the decom-
position above and treating the components separately. For the boundary integral system
we use a convergent BEM (we keep this part in full generality throughout) and for the
variational problem we use a polynomial finite element method based on a simplicial tri-
angulation of the domain. The potential generated by the BEM solution is seen in the
outer boundaries after an interpolation process, that allows for a finite and reduced num-
ber of evaluation of the smooth kernels of the transition operators from the inner to the
outer boundary. The finite element solution creates some problems, because taking the
gradient in the interior of the domain gives suboptimal results (it clearly lacks the correct
boundedness properties). We have devised an approach based upon boundary integrals,
that, using an approximation of the representation formula from the boundary and an
elementary postprocessing of the finite element solution, creates a smooth version of this
one, superconvergent in any domain that does not touch the boundary. This is a minor
difficulty at the implementation level and only requires some care from the analytical
point of view.

The advantage of the method lies in the fact that the FEM routine can take care of
difficulties due to changing boundary conditions or geometrical complications, whereas
the BEM part deals with smooth obstacles in a very natural and simple way, allowing for
simple grids (there is no condition connecting the BEM and FEM discretizations) and for
high order methods. The method is especially well–suited for inverse problems related to
the geometry of the obstacles or its position in the interior domain, since the FEM grid
can be fixed and we would just have to move the interface and thus recalculate relative
positions of grid points with respect to the moving BEM discretization.
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An apparently simpler approach that could be easily suggested consists of using bound-
ary elements also in the outer boundary. In some examples, where the exterior geometry
is simple (or smooth) and only Dirichlet or Neumann conditions appear, this would be ob-
viously more convenient. When the outer boundary is polyhedral and has complications
or when we have mixed boundary conditions, boundary elements begin to cause some
problems and the overlapping is, we believe, a good chance to have good approximations.
For this we lack an a posteriori error estimator, that is able to prepare the grids to tackle
with the difficulties of the particular solution. We also think that the method has its own
interest in the realm of theoretical numerical analysis of elliptic transmission problems.

In the field of applications, Helmholtz transmission problems have been studied related
to the scattering of acoustic waves. A field where they have only recently received more
attention is that of thermal waves, i.e., time–harmonic solutions to the heat equation.
These problems are relevant for inverse problems and non–destructive testing of materials,
with physical techniques such as photothermal excitation of the boundaries of objects
containing hidden materials or cracks. The use of Laplace transforms as in [11] has also
extended the field of application of boundary integral formulations to time–dependent
problems of parabolic type. The kind of ideas we expose in the present paper can be
applied both to direct and inverse problems in these situations.

A previous paper related to the present work is [4]. In that work, only the Laplace
equation with Dirichlet boundary conditions in the exterior and interior domains (there
is, therefore, no transmission to Ω−) are considered. The situation here is, hence, much
more general. Although part of the structure of the underlying analysis appeared already
in [4], there are some new more general approaches, that allow for further generalizations,
for instance to other transmission problems for strongly elliptic systems for which BIE
formulations are available.

Throughout the forthcoming work we will make extensive use of the Sobolev spaces
Hs(Ω) with non–negative real index s on a bounded domain with Lipschitz or smooth
boundary. For boundaries, we will also consider Sobolev spaces Hs(E) for positive and
negative indices, E being the smooth or Lipschitz boundary of a domain or part of it. For
these we refer to any classical monograph on Sobolev space theory or analysis of elliptic
boundary value problems (see for instance [13] for a clear exposition in the very general
Lipschitz setting). The duality bracket of Sobolev spaces on boundaries will always be
denoted 〈 · , · 〉.

2 Statement of the problem

Let Q ⊂ Rd (d = 2 or 3), be a bounded domain with polygonal/polyhedral boundary
Σ := ∂Q that is subdivided into two non overlapping parts D and N . In the three
dimensional case we also assume that the interfaces between D and N are polygonal lines.
Let Ω− be another domain, strictly contained in Q and whose boundary is a Lyapunov

curve/surface Γ := ∂Ω−. Let finally Ω+ := Q \ Ω
−
.

We consider the trace operator γB with B ∈ {Γ, D, N, Σ}. In the case of Γ, it will
be clear from the context whether we are considering interior or exterior traces. Also ∂B

denotes the exterior normal derivative on B, pointing always outwards of Ω− in the case
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Figure 1: Geometry of the problem. Q is the whole polyhedron and Σ = D ∪N .

of Γ.
For fixed α, λ, µ 6= 0, we consider the following Helmholtz transmission problem: find

ω± ∈ H1(Ω±) such that

∆ω+ + λ2ω+ = 0, in Ω+,

∆ω− + µ2ω− = 0, in Ω−,

γΓω+ − γΓω− = gΓ, ∂Γω+ − α ∂Γω− = χΓ,

γDω+ = gD, ∂Nω+ = χN .

(1)

The data functions belong to the following spaces:

(gD, χN) ∈ H(Σ) := H1/2(D)×H−1/2(N),

(gΓ, χΓ) ∈ H1/2(Γ)×H−1/2(Γ).

In H(Σ) we will use the product norm

‖(gD, χN)‖Σ :=
[
‖gD‖2

1/2,D + ‖χN‖2
−1/2,N

]1/2

.

Let φρ be the fundamental solution to ∆ + ρ2

φρ(x) :=

{
(ı/4)H

(1)
0 (ρ|x|), d = 2,

exp(ı ρ|x|) /(4π|x|), d = 3,

and let Sρ be the associated single layer potential

Sρψ :=

∫

Γ

φρ( · − x)ψ(x)dσ(x) : Rd → C,

which can be defined weakly to admit densities ψ ∈ H−1/2(Γ). Associated to the traces
of this potential, there are two boundary integral operators,

Vρψ :=

∫

Γ

φρ( · − x)ψ(x)dσ(x) : Γ → C,

Kρψ :=

∫

Γ

n( · ) · ∇φρ( · − x)ψ(x)dσ(x) : Γ → C.
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As a solution to (1) we propose

ω+ := u + Sλψ
+, ω− := Sµψ

−, (2)

where ψ± ∈ H−1/2(Γ), and

u ∈ H1(Q), ∆u + λ2u = 0. (3)

Therefore, in order for the transmission and boundary value conditions to hold, we have
to impose some restrictions to the unknowns. We are thus led to solving the following
problem: find u ∈ H1(Q) and ψ± ∈ H1/2(Γ) satisfying

∆u + λ2u = 0, in Q,

γDu + γDSλψ
+ = gD

∂Nu + ∂NSλψ
+ = χN

[
γΓu

∂Γu

]
+ W

[
ψ+

ψ−

]
=

[
gΓ

χΓ

]
(4)

where W is the following matrix of boundary integral operators on Γ:

W :=

[
Vλ −Vµ

−1
2
I + Kλ −α (1

2
I + Kµ)

]
.

The transmission conditions in terms of the boundary integral operators are obtained by
applying the jump relations for potentials [13].

To simplify some forthcoming notations we define the space

Hr,s(Γ) := Hr(Γ)×Hs(Γ)

endowed with the product norm

‖ψ‖r,s,Γ =
[
‖ψ+‖2

r,Γ + ‖ψ−‖2
s,Γ

]1/2

, ψ = (ψ+, ψ−)>.

Notice that, as a consequence of classical results of boundary integral operators W :
Hs,s(Γ) → Hs+1,s(Γ) is bounded for all s ∈ [−1, 0] (see [13, 5, 7]).

Hypotheses We further assume the following set of hypotheses:

(a) Uniqueness of solution for (1).

(b) −λ2 and −µ2 are not Dirichlet eigenvalues of ∆ in Ω−. This hypothesis implies
the invertibility of Vλ and Vµ and is imposed in order to be able to deal with
single layer potentials. A way of circumventing it would be using Brakhage–Werner
potentials (see [6]) in (2). This option introduces some non–essential difficulties in
our forthcoming analysis. We restrict ourselves to this case for the sake of simplicity.
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(c) Uniqueness of solution for the problem in Q, without the inclusion Ω−:

∆u + λ2u = 0, in Q,

γDu = 0, ∂Nu = 0

∣∣∣∣∣ =⇒ u = 0

and of the tranmission problem in the whole of Rd:

∆ω+ + λ2ω+ = 0, in Rd \ Ω
−
,

∆ω− + µ2ω− = 0, in Ω−,

γΓω+ − γΓω− = 0, ∂Γω+ − α ∂Γω− = 0,

lim
r→∞

r
d−1
2 (∂ru− ıλu) = 0

∣∣∣∣∣∣∣∣∣∣∣∣

=⇒ ω+ = 0, ω− = 0.

The behaviour at infinity demanded in the transmission problem above is the so–
called Sommerfeld radiation condition [5, 13]. With (b) and the last part of this
hypothesis we can prove (see [15]) that W is invertible.

3 Theoretical results

We begin by reformulating (4) as an operator equation of the second kind. This will
facilitate the forthcoming analysis. In order to do that, consider first the operator L :
H(Σ) → H1(Q) given by

L(fD, ϕN) := u,

∣∣∣∣∣
∆u + λ2u = 0, in Q,

γDu = fD, ∂Nu = ϕN .
(5)

The equivalent variational form for the problem above is

∣∣∣∣∣
u ∈ H1(Q), γDu = fD,

a(u, v) = 〈ϕN , γNv〉, ∀v ∈ H1
D(Q),

(6)

where H1
D(Q) = {v ∈ H1(Q) | γDv = 0} and

a(u, v) =

∫

Q

(
∇u · ∇v − λ2 u v

)
.

Let

TΓΣ :=

[
γΓ

∂Γ

]
L : H(Σ) → H1/2,−1/2(Γ)

and

KΣΓ :=

[
γD

∂N

]
[ Sλ 0

]
: H−1/2,−1/2(Γ) → H(Σ).
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Consider also

gΣ := (gD, χN)> ∈ H(Σ), gΓ := (gΓ, χΓ)> ∈ H1/2,−1/2(Γ).

If (u, ψ) ∈ H1(Q)×H−1/2,−1/2(Γ) solves (4), then fΣ := (γDu, ∂Nu) ∈ H(Σ) and ψ are a
solution to ∣∣∣∣∣

fΣ + KΣΓψ = gΣ,

TΓΣfΣ + Wψ = gΓ.
(7)

Reciprocally, given a solution to (7), u := LfΣ and ψ define a solution to (4). Finally we
define KΓΣ := W−1TΓΣ and

K :=

[
0 KΣΓ

KΓΣ 0

]
: H(Σ)×H−1/2,−1/2(Γ) → H(Σ)×H−1/2,−1/2(Γ).

It is now clear that (7) is equivalent to the operator equation

(I +K)

[
fΣ

ψ

]
=

[
gΣ

W−1gΓ

]
. (8)

Theorem 1 The operator I +K is invertible.

Proof. Notice first that by elliptic regularity both TΓΣ and KΣΓ are compact and, therefore,
so is K. Then, by the Fredholm alternative, we only have to show injectivity of I + K.
Let then

(I +K)(fΣ,ψ)> = (0, 0)>

and define
ω+ := LfΣ + Sλψ

+, ω− := Sµψ
−.

Since this pair of functions satisfies (1) with homogeneous data, then by Hypothesis (a),
ω+ = 0 and ω− = 0. Since Vµψ

− = γΓω− = 0, it follows by Hypothesis (b) that ψ− = 0.
Consider now the function ω := LfΣ+Sλψ

+ : Ω− → C. It is clear that γΓω = γΓω+ = 0
and that ∆ω + λ2ω = 0 in Ω−. Therefore ω = 0. By the jump relations of potentials
ψ+ = ∂Nω − ∂Nω+ = 0, which also implies that LfΣ = 0 and therefore fΣ = 0.

So far we have proved that if (fΣ,ψ) is the unique solution of (8), then (u, ψ) :=
(LfΣ, ψ) is the unique solution of (4) and (ω+, ω+) := (u + Sλψ

+,Sµψ
−) is the unique

solution of (1). Hence, all the problems we are considering are well posed and equivalent.

4 Numerical routines

We propose to solve numerically the problem by discretising (4) using finite elements
to approximate u and Petrov–Galerkin boundary elements to approximate ψ. In order
to define the method we need three routines: a BEM module for exterior transmission
problems, a FEM module for Helmholtz problems in Q with mixed boundary conditions
and, finally, a smoother for finite element solution of homogenous elliptic problems.
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As discretization parameter we will be using the symbol h. There will be however two
different parameters, one controlling the level of discretization for boundary elements (this
could have no geometrical meaning) and another showing the size of the mesh used for
the finite element space. Both will be decaying to zero when we talk of convergence. We
remark here, however, that the behaviour of both parameters will be independent: there
will not be conditions lying one to another in order to obtain convergence. In general we
will use h as a subindex denoting discretization. However, to avoid too many subindices in
the same expression, we will write h as a superscript for all operators and data functions
already labelled by one or more subscripts.

In the sequel we will write for two quantities depending on h that a . b when there
exists a constant C independent of h such that a ≤ Cb.

4.1 Petrov–Galerkin boundary elements

Let Xh
Γ ⊂ H−1/2(Γ) and Y h

Γ ⊂ H1/2(Γ) be two families of finite dimensional spaces such
that: dimXh

Γ = dimY h
Γ , there exists β > 0 such that

sup
0 6=ηh∈Y h

Γ

|〈ϕh, ηh〉|
‖ηh‖1/2,Γ

≥ β‖ϕh‖−1/2,Γ, ∀ϕh ∈ Xh
Γ

and for all ϕ ∈ H−1/2(Γ)

inf
ϕh∈Xh

Γ

‖ϕ− ϕh‖−1/2,Γ → 0, as h → 0.

These hypotheses imply that the discrete equations
∣∣∣∣∣

ψh ∈ Xh
Γ ×Xh

Γ ,

〈Wψh, ξh〉 = 〈g, ξh〉, ∀ξh ∈ Xh
Γ × Y h

Γ ,
(9)

are uniquely solvable for h small enough (see [15]). Then we can define the operator
Gh : H1/2,−1/2(Γ) → Xh

Γ × Xh
Γ , mapping g to the solution of (9). By [15], we also have

uniform boundedness of Gh

‖Ghg‖−1/2,−1/2,Γ . ‖g‖1/2,−1/2,Γ, ∀g ∈ H1/2,−1/2(Γ)

and the usual Céa estimate (here we write ψ = W−1g)

‖ψ −ψh‖−1/2,−1/2,Γ . inf
ηh∈Xh

Γ×Xh
Γ

‖ψ − ηh‖−1/2,−1/2,Γ.

4.2 Finite element discretization

Consider a class of triangulations of Q depending on the parameter h, formed by d−simpli-
-ces in the usual conditions for conforming continuous finite elements. We assume that
the triangulations respect the interfaces of the Dirichlet and Neumann boundaries. Let
Vh be the space of continuous finite elements of degree k ≥ 1 on the triangulation and let

V h
D := {vh ∈ Vh | γDvh = 0}.
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Consider the spaces
Xh

D := γDVh, X̃h
N := γNV h

D .

Notice that elements of Xh
D and X̃h

N are finite elements in d−1 dimension, on the inherited

triangulation, and that elements of X̃h
N satisfy homogeneous boundary conditions on the

interfaces between D and N . Therefore, if we take an element of X̃h
N and extend it by

zero to D, it still belongs to γΣVh. Given ϕN ∈ H−1/2(N) we define

ρh
NϕN ∈ Y h

N := (X̃h
N)∗ (10)

by restricting the action of ϕN to the elements of X̃h
N .

To approximate the solution of (6) we consider the scheme

∣∣∣∣∣
uh ∈ Vh, γDuh = fh

D,

a(uh, vh) = 〈ϕh
N , γNvh〉, ∀vh ∈ V h

D ,
(11)

where fD ≈ fh
D ∈ Xh

D is ‘user–chosen’ and ϕh
N := ρh

NϕN . Notice that we can write ϕN in

(11) instead of ϕh
N . However, what the scheme takes into account is how ϕN acts on X̃h

N .
Therefore the data for (11) are

(fh
D, ϕh

N) ∈ Xh
D × Y h

N .

The discrete problem (11) is uniquely solvable for h small enough, since we are dealing with
a compact perturbation of an elliptic operator and we have assumed that the continuous
problem is well posed (see [12, Chapter 10]).

The operator Lh : Xh
D × Y h

N → Vh, that maps data to solution in (11), is an approx-

imation of L given in (5). In the following result the norm of the space H̃1/2(N) will
appear: this is the trace space of H1

D(Ω) onto N , endowed, for instance, with the image
norm. More characterizations on this space can be found in [13].

Proposition 2 Let u := L(fD, ϕN) and uh := Lh(f
h
D, ϕh

N). Then

‖u− uh‖1,Q . inf
vh∈Vh

‖u− vh‖1,Q + ‖fD − fh
D‖1/2,D + sup

06=gh∈ eXh
N

|〈ϕN − ϕh
N , gh〉|

‖gh‖ eH1/2(N)

.

The last term disappears when ϕh
N = ρh

NϕN .

Proof. The proof follows from an argument similar to the First Strang Lemma (see [3])
modified to handle non–homogeneous Dirichlet conditions. These modifications follow
readily from arguments given in an abstract setting in [10] and are lied to the existence
of a stable lifting operator from Xh

D into Vh, which can be derived from the Scott–Zhang
operator [16] or from a different lifting in [2] (see also the proof of Lemma 3 below).
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4.3 Smoothed finite element solution

The single and double layer potentials from Σ, related to the operator ∆ + λ2, are

SΣ
λ ψ :=

∫

Σ

φλ( · − x)ψ(x)dσ(x) : Q → C,

DΣ
λ ψ := −

∫

Σ

n(x) · ∇φλ( · − x)ψ(x)dσ(x) : Q → C.

Then, the Third Green Identity [13] states that if u ∈ H1(Q) satisfies ∆u+λ2u = 0, then

u = SΣ
λ ∂Σu−DΣ

λ γΣu.

We will use a discretised version of this formula to obtain a smoothed version of uh ∈ Vh

from which we can easily take traces and normal derivatives in Γ. Notice that, while there
is no problem in taking a trace of uh in Γ, the näıve normal derivative ∂Γuh = n ·∇uh fails
to define a bounded operator from Vh to H−1/2(Γ). Also, γΓuh is piecewise smooth on
a grid that has no relationship whatsoever with the discretization imposed by the BEM
spaces.

Let {xj} be an ordering of the nodes of the triangulation lying on Σ and let ψj ∈ Vh

be the nodal function associated to xj. Then, we define

Shuh :=
∑

j

a(uh, ψj)φλ( · − xj)−DΣ
λ γΣuh. (12)

Notice that since ∆u + λ2u = 0, then 〈∂Σu, γΣv〉 = a(u, v) for all v ∈ H1(Q). Given
that a(uh, vh) = 0 for all vh ∈ Vh ∩ H1

0 (Q), we are essentially taking a sum of Dirac
delta distributions on the nodes ∂Σu ≈ ∑

j a(uh, ψj)δxj
=: ∂h

Σuh, so that 〈∂h
Σuh, γΣvh〉 =

a(uh, vh) for all vh ∈ Vh.
Evaluation of Shuh requires that of the functions

DΣ
λ γΣψj =

∫

Σ

n(x) · ∇φλ( · − x)γΣψj(x)dσ(x).

The integral above is restricted to the small support of γΣψj. There, the function is
piecewise smooth as long as we do not get near the boundary Σ.

5 Numerical approximation

The variational formulation corresponding to (4) is:

∣∣∣∣∣∣∣∣∣∣∣

u ∈ H1(Q), ψ = (ψ+, ψ−) ∈ H−1/2,−1/2(Γ),

γDu + γDSλψ
+ = gD,

a(u, v) + 〈∂NSλψ
+, γNv〉 = 〈χN , γNv〉, ∀v ∈ H1

D(Q),

〈ϑΓu, ξ〉 + 〈Wψ, ξ〉 = 〈gΓ, ξ〉, ∀ξ ∈ H−1/2,1/2(Γ),

(13)
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where we have denoted ϑΓ := (γΓ, ∂Γ)>.
The final elements to approximate the solution to (4) are the two nodal interpolation

operators on the Dirichlet and Neumann boundaries

Ih
D : C(D) → γDVh = Xh

D,

Ih
N : C(N) → γNVh,

as well as an approximation gh
D ≈ gD. The forthcoming analysis does not depend on the

way we choose gh
D. In practice, if gD is a continuous function, we could simply use an

interpolate of gD on the Dirichlet nodes.
Then we can consider the method
∣∣∣∣∣∣∣∣∣∣∣

uh ∈ Vh, ψh = (ψ+
h , ψ−h ) ∈ Xh

Γ ×Xh
Γ ,

γDuh + Ih
DγDSλψ

+
h = gh

D,

a(uh, vh) + 〈Ih
N∂NSλψ

+
h , γNvh〉 = 〈χN , γNvh〉, ∀vh ∈ V h

D ,

〈ϑΓShuh, ξh〉 + 〈Wψh, ξh〉 = 〈gΓ, ξh〉, ∀ξh ∈ Xh
Γ × Y h

Γ .

(14)

As we did with (4) to get to (7) and eventually to the operator equation (8), we are
going to introduce some notations to write (14) in a form more appropriate for the sake
of analysis. First we notice that (14) is equivalent to the following problem, written in a
very compact form using the FEM and BEM solvers Lh and Gh (recall the definition of
ρh

N in (10)): ∣∣∣∣∣∣∣∣

uh ∈ Vh, ψh = (ψ+
h , ψ−h ) ∈ Xh

Γ ×Xh
Γ ,

uh = Lh(g
h
D − Ih

DγDSλψ
+
h , ρh

N(χN − Ih
N∂NSλψ

+
h )),

GhϑΓShuh + ψh = GhgΓ.

(15)

The choice of the operator Ih
N as the interpolation operator onto γNVh admits many other

variants (for instance, interpolating with discontinuous functions), as long as they respect
the global order of approximation. The main idea behind using this operator is demanding
a finite number of evaluations of the potential generated from Γ in the outer boundary
N .

Lemma 3 There exists a class of operators πh
D : H1/2(D) → Xh

D satisfying:

(a) πh
Dgh = gh, for all gh ∈ Xh

D,

(b) ‖πh
Dg‖1/2,D . ‖g‖1/2,D, for all g ∈ H1/2(D),

(c) ‖πh
Dg − g‖1/2−η,D . hη‖g‖1/2,D, for all g ∈ H1/2(D) and η ∈ [0, 1/2].

Proof. By [16] there exists an operator Πh : H1(Q) → Vh such that:

Πhuh = uh, ∀uh ∈ Vh,

‖Πhu‖1,Q . ‖u‖1,Q, ∀u ∈ H1(Q),

γDΠhu = 0, ∀u ∈ H1
D(Q),

‖Πhu− u‖0,Q . h ‖u‖1,Q, ∀u ∈ H1(Q).

11



Let γ+
D be the pseudoinverse of γD : H1(Q) → H1/2(D) (or any other continuous lifting)

and define πh
D := γDΠhγ

+
D. It is simple to see that this operator satisfies all the require-

ments of the statement of the lemma.

To reach an operator form of (14) that matches (8) we have to introduce some new
elements. We remark that our aim is to write an operator equation in H(Σ)×H−1/2,−1/2(Γ)
whose solution is univocally tied to that of (14), instead of writing an operator equation
in the discrete space (Xh

D × Y h
N)× (Xh

Γ ×Xh
Γ).

Let now T h
ΓΣ be defined by

T h
ΓΣ := ϑΓShLh

[
πh

D 0

0 ρh
N

]

and Kh
ΓΣ := GhT

h
ΓΣ : H(Σ) → Xh

Γ ×Xh
Γ ⊂ H−1/2,−1/2(Γ). Also, let Kh

ΣΓ : H−1/2,−1/2(Γ) →
H(Σ) be given by

Kh
ΣΓ :=

[
Ih
D 0

0 Ih
N

]
KΣΓ =

[
Ih
DγD

Ih
N∂N

]
[ Sλ 0

]
.

Notice that the image of Ih
N is included in L2(N) ⊂ H−1/2(N). Finally, we consider the

operator

Kh :=

[
0 Kh

ΣΓ

Kh
ΓΣ 0

]
: H(Σ)×H−1/2,−1/2(Γ) → H(Σ)×H−1/2,−1/2(Γ),

the semidiscrete right–hand side gh
Σ := (gh

D, χN)> and the operator equation

(I +Kh)

[
fh
Σ

ψh

]
=

[
gh

Σ

GhgΓ

]
. (16)

This operator equation can also be seen as the following group of equations:

∣∣∣∣∣∣∣∣∣∣∣

fh
Σ = (fh

D, ϕh
N) ∈ H(Σ), ψh = (ψ+

h , ψ−h ) ∈ H−1/2,−1/2(Γ),

fh
D + Ih

DγDSλψ
+
h = gh

D,

ϕh
N + Ih

N∂NSλψ
+
h = χN ,

GhϑΓShLh(π
h
Dfh

D, ρh
Nϕh

N)> + ψh = GhgΓ.

(17)

Equivalence of (16) and (14) is clarified in the following result.

Proposition 4 If ((fh
D, ϕh

N),ψh) is a solution of (16), then (Lh(f
h
D, ρh

Nϕh
N),ψh) is a so-

lution of (14). Reciprocally, if (uh, ψh) solves (14), then ((γDuh, χN − Ih
N∂NSλψ

+
h ),ψh)

solves (16). Finally, if I +Kh is an isomorphism, then (14) is uniquely solvable.

12



Proof. For the first result, we simply have to notice that any solution to (17) satisfies that
fh

D ∈ Xh
D (and therefore πh

Dfh
D = fh

D) and ψh ∈ Xh
Γ ×Xh

Γ . It is trivial then to recognize
uh := Lh(f

h
D, ρh

Nϕh
N) = Lh(π

h
Dfh

D, ρh
Nϕh

N) and ψh as the components of a solution of (15).
The reciprocal statement is a simple verification.

If I + Kh is an isomorphism, then it is clear that we can always build a solution of
(14) as explained before. Then we only have to deal with uniqueness. Let (uh,ψh) satisfy

∣∣∣∣∣∣∣∣∣∣∣

uh ∈ Vh, ψh = (ψ+
h , ψ−h ) ∈ Xh

Γ ×Xh
Γ ,

γDuh + Ih
DγDSλψ

+
h = 0,

a(uh, vh) + 〈Ih
N∂NSλψ

+
h , γNvh〉 = 0, ∀vh ∈ V h

D ,

〈ϑΓShuh, ξh〉 + 〈Wψh, ξh〉 = 0, ∀ξh ∈ Xh
Γ × Y h

Γ .

Defining fh
Σ := (γDuh,−Ih

N∂NSλψ
+
h ), we have that (I +Kh)(f

h
Σ, ψh)

> = (0, 0)>. Therefore
ψh = 0 and looking at the first two equations above, it follows that uh = 0.

6 Analysis of the smoothed finite element

Throughout this section we take u, uh to be the respective solutions of

∣∣∣∣∣
u ∈ H1(Q), γDu = fD,

a(u, v) = 〈ϕN , γNv〉, ∀v ∈ H1
D(Q),

∣∣∣∣∣
u ∈ Vh, γDuh = fh

D,

a(uh, vh) = 〈ϕN , γNvh〉, ∀vh ∈ V h
D ,

i.e., u = L(fD, ϕN), uh = Lh(f
h
D, ρh

NϕN). Notice that at this point fh
D can be completely

unrelated to fD.
Let η ∈ (0, 1/2) be such that the solutions of the mixed problem, with g ∈ L2(Q),

∣∣∣∣∣∣∣∣

v ∈ H1(Q),

∆v + λ2v = g, in Q

γDv = 0, ∂Nv = 0,

(18)

belong to H1+η(Q) and satisfy a bound, independent of g,

‖v‖1+η,Q ≤ C ‖g‖0,Q. (19)

In general we can always have η = 1/4. This result follows from results in [9] (cf. [8]). In
some particular situations we can make η greater than 1/2. This additional regularity is
however lost in the forthcoming bounds.

Proposition 5 If u = L(fD, ϕN) and uh = Lh(f
h
D, ρh

NϕN), then

‖u− uh‖0,Q . hη‖u− uh‖1,Q + ‖fD − fh
D‖1/2−η,D.

13



Proof. The proof follows the lines of the classical Aubin–Nitsche trick. Given g ∈ L2(Q),
we take v satisfying (18) and vh ∈ V h

D the corresponding finite element approximation.
By the First Green Identity

∫

Q

(u− uh) g = −a(u− uh, v) + 〈γD(u− uh), ∂Dv〉

= −a(u− uh, v − vh) + 〈fD − fh
D, ∂Dv〉.

By Céa’s estimate, approximation results in Sobolev spaces and (19), we have that ‖v −
vh‖1,Q . hη‖g‖0,Q. Also

|〈fD − fh
D, ∂Dv〉| ≤ ‖fD − fh

D‖1/2−η,D‖∂Dv‖−1/2+η,D . ‖fD − fh
D‖1/2−η,D ‖g‖0,Q.

The previous estimates prove the result.

Proposition 6 If u = L(fD, ϕN) and uh = Lh(π
h
DfD, ρh

NϕN), then

‖u− uh‖0,Q . hη ‖u− uh‖1,Q, (20)

‖γΣu− γΣuh‖0,Σ . hη/2‖u− uh‖1,Q, (21)

‖u− uh‖1,Q . inf
vh∈Vh

‖u− vh‖1,Q. (22)

Proof. By Lemma 3, it follows that

‖fD − πh
DfD‖1/2−η,D . hη‖fD − πh

DfD‖1/2,D . hη‖u− uh‖1,Q.

Then, by Proposition 5, the first result follows readily from this inequality. By the trace
inequality [3, Theorem 1.6.6],

‖γΣv‖0,Σ ≤ C
[
(1 + τ−1)‖v‖0,Q + τ ‖v‖1,Q

]
,

that holds for arbitrarily small τ , and taking τ = hη/2, (21) is a consequence of (20). From
Lemma 3 it also follows that

‖fD − πh
DfD‖1/2,D . inf

vh∈Vh

‖u− vh‖1,Q.

Then (22) is a consequence of Proposition 2.

Let
e(u, uh) := hk+1/2‖u‖1,Q + hη/2‖u− uh‖1,Q.

Proposition 7 If u = L(fD, ϕN) and uh = Lh(π
h
DfD, ρh

NϕN), then for all φ ∈ Hk+2(Q)

|〈∂Σu, γΣφ〉 −∑
ja(uh, ψj)φ(xj)| . e(u, uh)‖φ‖k+2,Q. (23)
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Proof. Let φh ∈ Vh be the nodal interpolant of φ ∈ Hk+2(Q) ⊂ C(Q) (notice that
k + 2 ≥ 2 > d/2). Then

〈∂Σu, γΣφ〉 −∑
ja(uh, ψj)φ(xj) = a(u, φ)− a(uh, φh) (24)

= a(u, φ− φh) + a(uh − u, φ− φh) + a(u− uh, φ).

Notice that ‖γΣ(φ−φh)‖1/2,Σ . hk+1/2‖φ‖k+2,Q, since the interpolation operator commutes
with the trace operator and we can benefit from the lower Sobolev index in the boundary
(there is an overestimate in the Sobolev index of the requirement φ ∈ Hk+2(Q) which is
immaterial for our purposes). Thus

|a(u, φ− φh)| = |〈∂Σu, γΣ(φ− φh)〉| . hk+1/2‖u‖1,Q‖φ‖k+2,Q. (25)

Also
|a(u− uh, φ− φh)| . hk‖u− uh‖1,Q|φ|k+1,Q. (26)

From the Second Green Identity we obtain

a(u− uh, φ) = −
∫

Q

(u− uh) (∆φ + λ2φ) + 〈γΣ(u− uh), ∂Σφ〉,

and therefore, by Proposition 6

|a(u− uh, φ)| . hη/2‖u− uh‖1,Q‖φ‖2,Q. (27)

Hence, (24,25,26,27) prove (23), considering that hk . hη/2.

Let now Θ be any open set strictly contained in Q. We will use the classical multiindex
notation for partial derivatives: ∂α with α ∈ Nd.

Proposition 8 For all α

‖∂αSΣ
λ ∂Σu− ∂α(

∑
ja(uh, ψj)φλ( · − xj))‖0,Θ . e(u, uh).

Proof. Let M be a neighbourhood of Θ, strictly contained in Q and with smooth boundary
(see figure 2). We consider a cut–off function χ ∈ C∞(Q) satisfying χ|Θ ≡ 0 and χQ\M ≡ 1.
For each x ∈ Θ we define the function

φx(y) := χ(y) ∂αφλ(x− y).

Notice that φx ∈ C∞(Q) and that

sup
x∈Θ

‖φx‖k+2,Q ≤ C.

Since for all x ∈ Θ

(∂αSΣ
λ ∂Σu)(x)− ∂α(

∑
ja(uh, ψj)φλ(x− xj)) = 〈∂Σu, γΣφx〉 −

∑
ja(uh, ψj)φx(xj),

the result is a simple consequence of Proposition 7.
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Figure 2: The domains in the proof of Proposition 8.

Theorem 9 For all m,
‖u− Shuh‖m,Θ . e(u, uh).

Proof. Recall that u = SΣ
λ ∂Σu − DΣ

λ γΣu and the definition of Shuh given in (12). Then,
by Proposition 6

‖DΣ
λ γΣu−DΣ

λ γΣuh‖m,Θ . ‖γΣu− γΣuh‖0,Σ . hη/2‖u− uh‖1,Q . e(u, uh).

The remaining term is bounded by Proposition 8.

7 Convergence analysis of the method

Proposition 10 In the operator norm from H(Σ) to H1/2,−1/2(Γ) we have that

‖T h
ΓΣ − TΓΣ‖ → 0.

Moreover, the family of operators T h
ΓΣ is collectively compact.

Proof. Let fΣ = (fD, ϕN), u = L(fD, ϕN) and uh = Lh(π
h
DfD, ρh

NϕN). Then

TΓΣfΣ − T h
ΓΣfΣ = ϑΓ(u− Shuh).

Notice that, as a simple consequence of (22), we can bound ‖u−uh‖1,Q . ‖u‖1,Q . ‖fΣ‖Σ.
Taking Θ to be a neighbourhood of Γ included in Q, it follows (with an overestimate on
the norms needed for the bounds) that

‖TΓΣfΣ − T h
ΓΣfΣ‖0,1,Γ . ‖u− Shuh‖2,Θ . e(u, uh) . hη/2‖fΣ‖Σ, (28)

where we have applied Theorem 9. This proves the convergence in a more restrictive norm
than stated in the proposition. Inequality (28) proves that

‖T h
ΓΣfΣ‖1,0,Γ . hη/2‖fΣ‖Σ + ‖TΓΣfΣ‖1,0,Γ.

Since TΓΣ is bounded from H(Σ) to H1,0(Γ) and the embedding H1,0(Γ) ⊂ H1/2,−1/2(Γ) is
compact, collective compactness of the family {T h

ΓΣ} follows readily.
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Theorem 11 In the operator norm of H(Σ)×H1/2,−1/2(Γ)

‖K − Kh‖ → 0.

Therefore, for h small enough I +Kh is invertible and has a uniformly bounded inverse.

Proof. We decompose

Kh
ΓΣ −KΓΣ = GhT

h
ΓΣ −W−1TΓΣ = (Gh −W−1)T h

ΓΣ +W−1(T h
ΓΣ − TΓΣ)

and notice that (Gh −W−1)gΓ → 0 for all gΓ ∈ H1/2,−1/2(Γ). Then, by a classical result
on collectively compact operators (see [12, Chapter 10] or [1, Chapter 1]) and Proposition
10, it follows that ‖Kh

ΓΣ −KΓΣ‖ → 0.
Because of the definition of Kh

ΣΓ by interpolation of both components of KΣΓ with
finite elements of degree k on the boundary, and using the mapping properties of the
regularising operator KΣΓ, it follows that

‖Kh
ΣΓψ −KΣΓψ‖Σ . hk+1/2‖ψ‖−1/2,−1/2,Γ (29)

for all ψ ∈ H−1/2,−1/2(Γ). Hence ‖Kh
ΣΓ −KΣΓ‖ → 0 and the result is proven.

Theorem 12 Let (fΣ, ψ) and (fh
Σ,ψh) be the respective solutions of (8) and (16). Then

we have the bound

‖fΣ − fh
Σ‖Σ + ‖ψ −ψh‖−1/2,−1/2,Γ . ‖gD − gh

D‖1/2,D + hk+1/2‖ψ‖−1/2,−1/2,Γ

+ inf
ηh∈Xh

Γ×Xh
Γ

‖ψ − ηh‖−1/2,−1/2,Γ

+hk+1/2‖u‖1,Q + hη/2 inf
vh∈Vh

‖u− vh‖1,Q.

Proof. Because of the uniform boundedness of the inverse of I +Kh, if suffices to bound

(I +Kh)

[
fΣ − fh

Σ

ψ −ψh

]
= (Kh −K)

[
fΣ

ψ

]
+

[
gΣ − gh

Σ

(W−1 −Gh)gΓ

]

=

[
(Kh

ΣΓ −KΣΓ)ψ + (gΣ − gh
Σ)

(W−1 −Gh)(gΓ − TΓΣfΣ) + Gh(T
h
ΓΣ − TΓΣ)fΣ

]
,

which reduces the problem to bound the four different terms of the last decomposition
above in the corresponding norms. The definition of gh

Σ and (29) serve to bound the first
component above.

Also, since gΓ − TΓΣfΣ = Wψ, then the Céa estimate for the BEM

‖ψ −GhWψ‖−1/2,−1/2,Γ . inf
ηh∈Xh

Γ×Xh
Γ

‖ψ − ηh‖−1/2,−1/2,Γ

gives the bound for the third term. Finally, by (28) and (22),

‖Gh(T
h
ΓΣ − TΓΣ)fΣ‖−1/2,−1/2,Γ . ‖(T h

ΓΣ − TΓΣ)fΣ‖−1/2,1/2,Γ

. e(u, Lh(π
h
DfD, ρh

NϕN))

. hk+1/2‖u‖1,Q + hη/2 inf
vh∈Vh

‖u− vh‖1,Q

and the proof is thus finished.
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Corollary 13 Let (u, ψ) and (uh, ψh) be the respective solutions of (4) and (14)

‖u− uh‖1,Q + ‖ψ −ψh‖−1/2,−1/2,Γ . hk+1/2
(
‖ψ‖−1/2,−1/2,Γ + ‖u‖1,Q

)

+‖gD − gh
D‖1/2,D

+ inf
ηh∈Xh

Γ×Xh
Γ

‖ψ − ηh‖−1/2,−1/2,Γ + inf
vh∈Vh

‖u− vh‖1,Q.

Proof. By Proposition 2, it follows readily that

‖u− uh‖1,Q . inf
vh∈Vh

‖u− vh‖1,Q + ‖fΣ − fh
Σ‖Σ.

We then apply Theorem 12.

Notice that the right–hand side of the error bound of Corollary 13 comprises three
types of terms: a super–optimal order term independent of the regularity of the compo-
nents of the solution (and arising from the regularity effect of transferring information
from Γ into Σ and backwards), a term related to the choice of the approximation to the
Dirichlet datum gD and the usual approximation terms in natural norms.

If u ∈ Hk+1(Q), which is equivalent to ω+ having the same Sobolev regularity near
the boundary Σ, and we use interpolation to compute gh

D, we can obtain a bound

‖u− uh‖1,Q + ‖ψ −ψh‖−1/2,−1/2,Γ = O(hk) + inf
ηh∈Xh

Γ×Xh
Γ

‖ψ − ηh‖−1/2,−1/2,Γ.

Regularity of ψ depends on that of the interface Γ and on the corresponding data gΓ and
χΓ. As mentioned at the beginning of Section 4, the spaces Xh

Γ and Y h
Γ are completely

independent of Vh and the parameter h, when appearing accompanying variables in Γ
refers to a different grid or discretization level as that of the finite element grid.

8 A numerical experiment

Consider the geometry described in Figure 3, with twenty circular–shaped interior obsta-
cles. The parameters in the definition of the transmission problems are

λ = 1 + ı, µ = 0.5 + 0.5ı, α = 0.5

and the transmission data are taken so that the exact solution is

ω+ (x) = 1.5φλ(x− p0) + φλ(x− p1) + (1 + ı)φλ(x− p2)− 2 exp(ıλx2)

ω− (x) = exp(µıx1)− exp(µıx2)

where

p0 := (−2.6650, 0.6967), p1 := (−1.8950, 0.3033), p2 := (−1.53,−0.04).

We use quasi–uniform grids of the rectangle Q with NQ elements. The basic one,
with 112 triangles is the one given by the Matlab PDE Toolbox, and the refinements are
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Figure 3: The domain for the numerical experiment

obtained by dividing each element into four similar triangles. We have implemented the
elementary Courant P1 finite elements. On each component of the interface Γ we take
NΓ equally spaced elements and we use a P0−P1 Petrov–Galerkin scheme with numerical
integration like the one developed in [14, Chapter 5].

We measure an estimate of the L2(Ω+ ∪ Ω−) error given by the following expression:

E2 :=
1

NQ

( ∑
xj

|ω(xj)− ωh(xj)|2
)1/2

.

The errors, for different values of the parameters NΓ and NQ are listed in the following
table.

NΓ\NQ 112 448 1792 7168 28672
6 3.89E-3 5.72E-4 2.46E-4 1.33E-4 7.78E-5
12 3.82E-3 5.02E-4 1.18E-4 4.25E-5 2.78E-5
24 3.78E-3 3.79E-4 5.58E-5 1.51E-5 8.11E-6
48 3.78E-3 3.77E-4 4.96E-5 9.55E-6 3.08E-6

In Figure 4 we draw some of these numbers. The first graph corresponds to er-
rors beginning with (NΓ, NQ) = (6, 112) and then halving three progressive times both
grids. These errors correspond to the diagonal in Table 8 beginning in the top left cor-
ner. The right–most graph corresponds to the same kind of refinement beginning with
(NΓ, NQ) = (6, 448). Both the graphs show convergence with order two. This supercon-
vergence phenomenon can be due to the fact that we are observing in a weaker norm
than the one given for analysis and to the very particular disposition of the boundary
conditions in sides of the rectangle. A proper a priori analysis in weaker norms is lacking
with our current theory, since it does not trivially follow from a classical stability plus
Aubin–Nitsche analysis.
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