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Abstract

In this paper we propose and analyse a novel numerical method for a Helmholtz
transmission problem in a bounded domain, with non—-homogeneous mixed condi-
tions on the exterior boundary. The method relies on the superposition of a classical
Lagrange finite element method on a triangulation of the domain without the interior
obstacles and a general stable boundary element method for an exterior Helmholtz
transmission problem. The analysis of the scheme is carried out by transforming
the exact and the approximated equations into an abstract operator equation of the
second kind with a non—standard approximation of it. A numerical example for a
two dimensional case shows the good behaviour of the method and its advantages
for some particular geometries.

AMS Subject Classification: 65N30, 65N38
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1 Introduction

In this work we propose and analyse a novel formulation and its numerical approximation
for a class of Helmholtz transmission problems in bounded domains. The basic principle
underlying this formulation is the decomposition of the solution in two parts. One of them
takes care of boundary conditions in the outer boundaries and ignores interior obstacles
(acting as a sort of incident wave that, unlike in the usual exterior scattering problems,
is unknown). The second part solves a Helmholtz transmission problem in the whole of
the space by employing layer potentials.

With a geometry in two or three dimensions as that described in Figure 1 (we will
specify conditions later on), we are basically trying to solve the following problem (yr and



Or denote traces and normal derivatives respectively):
Aw’ + N =0, in QF,
Aw™ + pPw™ =0, in Q7
ywwt —rw” =gr,  Orw’ —adw” = xr,
’VDW+ = 9D, Inw’ = xw.

The solution is written formally as
ot =ut [o( = X0t ek, w = [0 = x)u (o)
r r

where ¢, is the outgoing fundamental solution of A+ p*. The unknowns are two densities
1*, defined on the interface I' and a function w, such that Au + A?u = 0 in the domain
Q:=QtuQ . If u were known, 1* could be computed by solving a system of boundary
integral equations, equivalent to the transmission conditions on I', with traces of v on this
surface as part of the data. If, on the other hand, the exterior density would be known,
then u could be computed by solving a variational problem in (), with the potential
generated by 1" evaluated in points of ¥ as part of the boundary data. Since the whole
set is unknown, we have a coupled set of boundary integral equations and variational
formulation for a BVP.

The elementary idea for numerical approximation of the problem is using the decom-
position above and treating the components separately. For the boundary integral system
we use a convergent BEM (we keep this part in full generality throughout) and for the
variational problem we use a polynomial finite element method based on a simplicial tri-
angulation of the domain. The potential generated by the BEM solution is seen in the
outer boundaries after an interpolation process, that allows for a finite and reduced num-
ber of evaluation of the smooth kernels of the transition operators from the inner to the
outer boundary. The finite element solution creates some problems, because taking the
gradient in the interior of the domain gives suboptimal results (it clearly lacks the correct
boundedness properties). We have devised an approach based upon boundary integrals,
that, using an approximation of the representation formula from the boundary and an
elementary postprocessing of the finite element solution, creates a smooth version of this
one, superconvergent in any domain that does not touch the boundary. This is a minor
difficulty at the implementation level and only requires some care from the analytical
point of view.

The advantage of the method lies in the fact that the FEM routine can take care of
difficulties due to changing boundary conditions or geometrical complications, whereas
the BEM part deals with smooth obstacles in a very natural and simple way, allowing for
simple grids (there is no condition connecting the BEM and FEM discretizations) and for
high order methods. The method is especially well-suited for inverse problems related to
the geometry of the obstacles or its position in the interior domain, since the FEM grid
can be fixed and we would just have to move the interface and thus recalculate relative
positions of grid points with respect to the moving BEM discretization.



An apparently simpler approach that could be easily suggested consists of using bound-
ary elements also in the outer boundary. In some examples, where the exterior geometry
is simple (or smooth) and only Dirichlet or Neumann conditions appear, this would be ob-
viously more convenient. When the outer boundary is polyhedral and has complications
or when we have mixed boundary conditions, boundary elements begin to cause some
problems and the overlapping is, we believe, a good chance to have good approximations.
For this we lack an a posterior: error estimator, that is able to prepare the grids to tackle
with the difficulties of the particular solution. We also think that the method has its own
interest in the realm of theoretical numerical analysis of elliptic transmission problems.

In the field of applications, Helmholtz transmission problems have been studied related
to the scattering of acoustic waves. A field where they have only recently received more
attention is that of thermal waves, i.e., time-harmonic solutions to the heat equation.
These problems are relevant for inverse problems and non—destructive testing of materials,
with physical techniques such as photothermal excitation of the boundaries of objects
containing hidden materials or cracks. The use of Laplace transforms as in [11] has also
extended the field of application of boundary integral formulations to time-dependent
problems of parabolic type. The kind of ideas we expose in the present paper can be
applied both to direct and inverse problems in these situations.

A previous paper related to the present work is [4]. In that work, only the Laplace
equation with Dirichlet boundary conditions in the exterior and interior domains (there
is, therefore, no transmission to 27) are considered. The situation here is, hence, much
more general. Although part of the structure of the underlying analysis appeared already
in [4], there are some new more general approaches, that allow for further generalizations,
for instance to other transmission problems for strongly elliptic systems for which BIE
formulations are available.

Throughout the forthcoming work we will make extensive use of the Sobolev spaces
H*(€2) with non-negative real index s on a bounded domain with Lipschitz or smooth
boundary. For boundaries, we will also consider Sobolev spaces H*(E) for positive and
negative indices, E being the smooth or Lipschitz boundary of a domain or part of it. For
these we refer to any classical monograph on Sobolev space theory or analysis of elliptic
boundary value problems (see for instance [13] for a clear exposition in the very general
Lipschitz setting). The duality bracket of Sobolev spaces on boundaries will always be
denoted (-, -).

2 Statement of the problem

Let @ C RY (d = 2 or 3), be a bounded domain with polygonal/polyhedral boundary
Y = 0Q that is subdivided into two non overlapping parts D and N. In the three
dimensional case we also assume that the interfaces between D and N are polygonal lines.
Let €2~ be another domain, strictly contained in ) and whose boundary is a Lyapunov
curve/surface I' := 9Q~. Let finally Ot :=Q\ Q .

We consider the trace operator yp with B € {T', D, N,X}. In the case of T', it will
be clear from the context whether we are considering interior or exterior traces. Also dg
denotes the exterior normal derivative on B, pointing always outwards of 27 in the case



Figure 1: Geometry of the problem. () is the whole polyhedron and > = D U N.

o F]_*:‘or fixed a, A\, 1 # 0, we consider the following Helmholtz transmission problem: find
w* € H(Q%) such that
Awt + N =0, in QF,
Aw™ + pPw™ =0, in Q7
ww' —yrw” =gr,  Orw’ —adw” = xr,
Yow" = gp, Onw’ = Xxn.
The data functions belong to the following spaces:

(9p,xn) € H(Z):= HY*(D)x H'*(N),
(9r,xr) € HY*T)x H V().

In H(X) we will use the product norm

1/2
I xw)lls = [lon o0+ Ixw 2 o]

Let ¢, be the fundamental solution to A + p?

{umw@wm» d=2,

gf?,,(x) =
exp(up|x|) /(4 |x[), d =3,

and let S, be the associated single layer potential
Spi= [ o = xvedotx) B C,
r

which can be defined weakly to admit densities 1 € H~Y/2(T'). Associated to the traces
of this potential, there are two boundary integral operators,

WM:—!A@t—xW@Md@:FHC,
Ko = [ n() Vo,(- = x)u(x)dofx) : T - C.
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As a solution to (1) we propose
whi=u+ ST, w =87, (2)
where 1* € H=Y/2(I"), and
u € HY(Q), Au 4+ Nu = 0. (3)

Therefore, in order for the transmission and boundary value conditions to hold, we have
to impose some restrictions to the unknowns. We are thus led to solving the following
problem: find u € H'(Q) and v* € HY?(T) satisfying

Au+ Nu =0, in Q,

Ypu + ST = gp
Onu + NS\t = XN (4)
[ i [ ¢+ ] [ gar ]
+ oW —
Ooru (o Xr

where W is the following matrix of boundary integral operators on I':

Vi ~V, ]
4Ky —a(lI+K,) |

W =

The transmission conditions in terms of the boundary integral operators are obtained by
applying the jump relations for potentials [13].
To simplify some forthcoming notations we define the space

H"™*(T) := H'(T) x H*(T)

endowed with the product norm

1/2
[Pllrsr = |07 e + 1075 ¥ =@97)"

Notice that, as a consequence of classical results of boundary integral operators W :
H**(T") — H**1(T") is bounded for all s € [—1,0] (see [13, 5, 7]).

Hypotheses We further assume the following set of hypotheses:
(a) Uniqueness of solution for (1).

(b) —A\? and —pu? are not Dirichlet eigenvalues of A in Q. This hypothesis implies
the invertibility of V) and V, and is imposed in order to be able to deal with
single layer potentials. A way of circumventing it would be using Brakhage—Werner
potentials (see [6]) in (2). This option introduces some non—essential difficulties in
our forthcoming analysis. We restrict ourselves to this case for the sake of simplicity.
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(c¢) Uniqueness of solution for the problem in @, without the inclusion Q:

Au+ Nu =0, in Q,

== u=20
vpu = 0, Ovu =0
and of the tranmission problem in the whole of R%:
Awt + Nw™ =0, in R\ Q,
Aw™ + pPw™ =0, in Q7
yrwt —rw” =0, orwt —adrw™ =0, - wh=0, w” =0
rlLIgO r%(@u — u) =0

The behaviour at infinity demanded in the transmission problem above is the so—
called Sommerfeld radiation condition [5, 13]. With (b) and the last part of this
hypothesis we can prove (see [15]) that W is invertible.

3 Theoretical results

We begin by reformulating (4) as an operator equation of the second kind. This will
facilitate the forthcoming analysis. In order to do that, consider first the operator L :
H(X) — HY(Q) given by

Au+ N = 0, in Q,

L(fD,QON) = u, (5)

Ypu = fp, Onu = pN.

The equivalent variational form for the problem above is

u e HY(Q), Ypu = fp,
a(u,v) = (pN, INV), Vo € Hp(Q),

where H},(Q) = {v € H(Q)|~vpv = 0} and

a(u,v) :/Q<Vu~VU—)\2uv).

Let

or

Trs = L : H(Z) — HY27V2(1)
Or

and

~
Kyp = [; [Sy 0] H-Y2712() - H(Z).
N




Consider also
gy = (9o, xn) ' € H(D), gr == (gr,xr)" € HY/>V2(T).

If (u,v) € HY(Q) x H™/%7V2(T) solves (4), then fs := (ypu, dyu) € H(X) and 2 are a
solution to
fr + Keryp = g,

TFE fE -+ W’Qb = £gr.

Reciprocally, given a solution to (7), u := Lfs;, and v define a solution to (4). Finally we
define Kry, := WﬁlTFE and

(7)

0 Kysr
K= CH(Z) x H-Y27Y2(T) — H(Z) x H-Y27Y2(T).
Krs 0

It is now clear that (7) is equivalent to the operator equation

fs gx
_ _ 8
P ] [ W lgp ] )

Theorem 1 The operator I + K is invertible.

(Z+K)

Proof. Notice first that by elliptic regularity both Tty and Ksr are compact and, therefore,
so is K. Then, by the Fredholm alternative, we only have to show injectivity of 7 + K.
Let then

(Z+K)(fs,9)" = (0,0)7

and define
wh = Ly, + S\, wo =807,

Since this pair of functions satisfies (1) with homogeneous data, then by Hypothesis (a),
wt =0and w™ = 0. Since V,9b~ = yrw™ = 0, it follows by Hypothesis (b) that ¢~ = 0.
Consider now the function w := Lfs+8Sy¢t : Q= — C. Tt is clear that yrw = yrwt =0
and that Aw + Mw = 0 in Q~. Therefore w = 0. By the jump relations of potentials
YT = Oyw — Oyw™ = 0, which also implies that Lfs, = 0 and therefore f5; = 0. O

So far we have proved that if (fs, ) is the unique solution of (8), then (u,)) =
(Lfs, 1) is the unique solution of (4) and (wt,w™) := (u+ Syy*,S,9~) is the unique
solution of (1). Hence, all the problems we are considering are well posed and equivalent.

4 Numerical routines

We propose to solve numerically the problem by discretising (4) using finite elements
to approximate u and Petrov—Galerkin boundary elements to approximate 1. In order
to define the method we need three routines: a BEM module for exterior transmission
problems, a FEM module for Helmholtz problems in () with mixed boundary conditions
and, finally, a smoother for finite element solution of homogenous elliptic problems.
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As discretization parameter we will be using the symbol A. There will be however two
different parameters, one controlling the level of discretization for boundary elements (this
could have no geometrical meaning) and another showing the size of the mesh used for
the finite element space. Both will be decaying to zero when we talk of convergence. We
remark here, however, that the behaviour of both parameters will be independent: there
will not be conditions lying one to another in order to obtain convergence. In general we
will use h as a subindex denoting discretization. However, to avoid too many subindices in
the same expression, we will write h as a superscript for all operators and data functions
already labelled by one or more subscripts.

In the sequel we will write for two quantities depending on h that a < b when there
exists a constant C' independent of h such that a < Cb.

4.1 Petrov—Galerkin boundary elements

Let Xt ¢ H~Y*(T) and Y{# ¢ HY?(T") be two families of finite dimensional spaces such
that: dimX? = dimY?, there exists 8 > 0 such that

sup M > Blenll-1/2,rs Yo, € Xt

omuevy Imnlli2r
and for all p € H~Y/(I)

infh“@_@thI/Q,F — 0, as h — 0.
r

®Yne
These hypotheses imply that the discrete equations
1/)h € Xf‘l X X#v
Wiy, &) = (8,€), Ve, € X7 x Y,

are uniquely solvable for h small enough (see [15]). Then we can define the operator
G, : HY27Y2(T') — X} x X!, mapping g to the solution of (9). By [15], we also have
uniform boundedness of G},

(9)

1Grgll-1/2,-1/20 < lI&llj2.-1/2,r, Vg € HI/Q’_l/z(F)

and the usual Céa estimate (here we write ¥» = W™'g)

% —Yll-12,-120 S inf  [[Yp —myll—1/2, 120

N, EXPEXXP

4.2 Finite element discretization

Consider a class of triangulations of () depending on the parameter h, formed by d—simpli-
-ces in the usual conditions for conforming continuous finite elements. We assume that
the triangulations respect the interfaces of the Dirichlet and Neumann boundaries. Let
V}, be the space of continuous finite elements of degree k£ > 1 on the triangulation and let

VDh = {Uh - Vh | YDV = 0}
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Consider the spaces B
XE=ypVh, Xk =V

Notice that elements of X% and X . are finite elements in d— 1 dimension, on the inherited
triangulation, and that elements of X . satisfy homogeneous boundary conditions on the
interfaces between D and N. Therefore, if we take an element of X ? and extend it by
zero to D, it still belongs to 7sV;,. Given oy € H™'/2(N) we define

Phon € YR = (X})" (10)

by restricting the action of ¢y to the elements of X o
To approximate the solution of (6) we consider the scheme

up € Vi, Ypun = i, an

alun, vr) = (. YR, Vo, € VL,

where fp ~ fi € X is ‘user—chosen’ and ¢” := p%py. Notice that we can write oy in
(11) instead of % . However, what the scheme takes into account is how ¢y acts on X%.
Therefore the data for (11) are

(f5.¢N) € Xpp x Yy

The discrete problem (11) is uniquely solvable for h small enough, since we are dealing with
a compact perturbation of an elliptic operator and we have assumed that the continuous
problem is well posed (see [12, Chapter 10]).

The operator Ly : X% x Y — V,, that maps data to solution in (11), is an approx-
imation of L given in (5). In the following result the norm of the space HY2(N) will
appear: this is the trace space of H5(€) onto N, endowed, for instance, with the image
norm. More characterizations on this space can be found in [13].

Proposition 2 Let u := L(fp,on) and uy := Ly(fh, ©%). Then

h
i N — gh

lu—upllio S inf lu—wvillig+|Ifo — fiollijzp + sup (¢ PN >"
oneh 0#£g,cRR ||9h||g1/2(N)

The last term disappears when % = ploy.

Proof. The proof follows from an argument similar to the First Strang Lemma (see [3])
modified to handle non-homogeneous Dirichlet conditions. These modifications follow
readily from arguments given in an abstract setting in [10] and are lied to the existence
of a stable lifting operator from X% into Vj, which can be derived from the Scott-Zhang
operator [16] or from a different lifting in [2] (see also the proof of Lemma 3 below).



4.3 Smoothed finite element solution

The single and double layer potentials from 3, related to the operator A + A%, are
St = [l = 0uede( s Q- C.
b
DY = — [ 0l Var(: ~xu(dolx) i Q - C.
by

Then, the Third Green Identity [13] states that if u € H'(Q) satisfies Au+ A*u = 0, then
u = Sy 0su — Dyysu.

We will use a discretised version of this formula to obtain a smoothed version of u; € V},
from which we can easily take traces and normal derivatives in I'. Notice that, while there
is no problem in taking a trace of uy in I'; the naive normal derivative Oru, = n-Vuy, fails
to define a bounded operator from Vj, to H~%/2(T"). Also, yruy, is piecewise smooth on
a grid that has no relationship whatsoever with the discretization imposed by the BEM
spaces.

Let {x;} be an ordering of the nodes of the triangulation lying on ¥ and let ¢; € V},
be the nodal function associated to x;. Then, we define

Spup = Z(I(Uhij)éb)\(' —X;) — DYysun. (12)
J

Notice that since Au + Mu = 0, then (dsu,ysv) = a(u,v) for all v € H(Q). Given
that a(up,vy) = 0 for all v, € V, N HY(Q), we are essentially taking a sum of Dirac
delta distributions on the nodes dsu ~ 3, a(un, ¥;)dx; =: O%uy, so that (9w, ysvp) =
a(up,vy) for all v, € V.

Evaluation of S,u; requires that of the functions

Dyt = / n(x) - Vén(- — x)yet;(x)do(x).

The integral above is restricted to the small support of vx%;. There, the function is
piecewise smooth as long as we do not get near the boundary .

5 Numerical approximation

The variational formulation corresponding to (4) is:

we H'(Q), ="y )eH > 2(D),

VDU + ST = ¢p, (13)
a(u,v) 4+ (ONS\T Nv) = (XN, Yo € Hp(Q),

(Iru, &) + (Wi, §) = (gr,&), VEeH P,




where we have denoted 9r := (v, ).
The final elements to approximate the solution to (4) are the two nodal interpolation
operators on the Dirichlet and Neumann boundaries

I . C(D) — vpVy = XP,
I C(N) — Vi,

as well as an approximation g, ~ gp. The forthcoming analysis does not depend on the
way we choose g%. In practice, if gp is a continuous function, we could simply use an
interpolate of gp on the Dirichlet nodes.

Then we can consider the method

up, € V, Y, = (U ¥y ) € Xi x X¢,

YpUn + IpypSa) = gb, (14)
a(up, vp) + (INONSW, yvon) = (xwoywow),  Vop € V3,

(OrSpun, &) + Wy, &) = (gr.&), V&, € X x Y.

As we did with (4) to get to (7) and eventually to the operator equation (8), we are
going to introduce some notations to write (14) in a form more appropriate for the sake
of analysis. First we notice that (14) is equivalent to the following problem, written in a
very compact form using the FEM and BEM solvers L; and G}, (recall the definition of

p}}\, in (10)):
up € Vi, ¥, = (U, vy) € X[ x XP,

up, = L (g — IypSath, ol (xv — IEONS\Y})), (15)
GpOrSpup + ¢, = Ghgr.

The choice of the operator I% as the interpolation operator onto yyxVj, admits many other
variants (for instance, interpolating with discontinuous functions), as long as they respect
the global order of approximation. The main idea behind using this operator is demanding
a finite number of evaluations of the potential generated from I' in the outer boundary

N.
Lemma 3 There exists a class of operators ©l : H'/?(D) — X1 satisfying:
(a) Thon = g, for all gn € X,
() I7bgllep < llgllizp, for all g € HYV*(D),
() lI7hg = glljz-np S hligllj2.p, for all g € HY?(D) and n € [0,1/2].
Proof. By [16] there exists an operator IIj, : H'(Q) — V}, such that:

Iup = up, Yuy € Vi,
Mhullie < lulhe,  Yue HY(Q),

ypllpu =0, Yu € HH(Q),
Lo, Yue HY(Q).

Mhu = ullo.g < hlul
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Let 7, be the pseudoinverse of yp : H*(Q) — H'?(D) (or any other continuous lifting)
and define 7 := ypll,v5. It is simple to see that this operator satisfies all the require-
ments of the statement of the lemma. 0O

To reach an operator form of (14) that matches (8) we have to introduce some new
elements. We remark that our aim is to write an operator equation in H(X) x H~/2~1/2(T")
whose solution is univocally tied to that of (14), instead of writing an operator equation
in the discrete space (X x Y1) x (X x X[).

Let now T, be defined by

™0
TII}E = ﬁFSth
0 pk

and Kly, := G, Tl : H(Z) — Xt x X c HY27Y2(D). Also, let K& : H-Y/2-Y2(T) —

H(X) be given by
oo I
S

Iy

Notice that the image of I% is included in L?(N) C H~'/2(N). Finally, we consider the
operator

0 K&,

/Ch = 5
Kry, O

] CH(Y) x H™Y2Y2(T) - H(Z) x H-Y27V2(),

the semidiscrete right-hand side g := (g%, xn)" and the operator equation

f: g%
— . 16
1/Jh ] [ Grgr ] ( )

This operator equation can also be seen as the following group of equations:

(Z+Kn)

£ = (f5,0%) €H(), b, = (U5, ¢) e HTVATVA(D),

I + IpvpSvy = gp, an
s + INONSWE = X,

GO SuLin(mh [, plel) T+ W, = Grgr.

Equivalence of (16) and (14) is clarified in the following result.

Proposition 4 If ((f5, %), ;) is a solution of (16), then (Ln(fh, phoh),4b,) is a so-
lution of (14). Reciprocally, if (up,py) solves (14), then ((ypun, xn — IHONS\Y), 4))
solves (16). Finally, if T + KCp, is an isomorphism, then (14) is uniquely solvable.

12



Proof. For the first result, we simply have to notice that any solution to (17) satisfies that
fh e Xh (and therefore 7l fi = fh) and v, € Xk x X[, Tt is trivial then to recognize
up = L (B, phooh) = L (nh i phoh) and 4p, as the components of a solution of (15).
The reciprocal statement is a simple verification.

If 7 + K, is an isomorphism, then it is clear that we can always build a solution of
(14) as explained before. Then we only have to deal with uniqueness. Let (uy, v,,) satisfy

up, € Vh, Y, = (U, dy) € Xt x Xt

Ypun + Iy St = 0,

a(up, vp) + (IRONS\Y yvvn) = 0, Y, € V&,
(FrShun, &r) + Wby, &p) = 0, Ve, € Xft x Y.

Defining & := (ypup, —I%0nS\10)), we have that (Z+ Kp)(£2,4,) " = (0,0)". Therefore
1, = 0 and looking at the first two equations above, it follows that u;, = 0. 0

6 Analysis of the smoothed finite element
Throughout this section we take u, uy to be the respective solutions of
ue HY(Q), Ypu = fp, u € Vp, Youn = [P,
a(u,v) = (N, YN0), Vo € HL(Q), a(up,vp) = (ON, YNUR), Yo, € VL,

ie., u=L(fp,on), un = Ly(fh, pon). Notice that at this point fB can be completely
unrelated to fp.
Let n € (0,1/2) be such that the solutions of the mixed problem, with g € L*(Q),

ve HY(Q),
Av+ N =g, in @ (18)
vpv = 0, Inv = 0,

belong to H'(Q) and satisfy a bound, independent of g,

[vll1n0 < Cliglloe- (19)

In general we can always have n = 1/4. This result follows from results in [9] (cf. [8]). In
some particular situations we can make 7 greater than 1/2. This additional regularity is
however lost in the forthcoming bounds.

Proposition 5 If u = L(fp,¢n) and u, = Ly(f5, pkon), then

lu = unllog < A"llw = unlliq + lfp = fplli/2—n.0-

13



Proof. The proof follows the lines of the classical Aubin—Nitsche trick. Given g € L*(Q),
we take v satisfying (18) and v, € V/ the corresponding finite element approximation.
By the First Green Identity

/Q(u —up)g = —alu—up,v)+ (yp(u—up), pv)
= —a(u—up,v—uvp)+ (fp — fB,0pv).

By Céa’s estimate, approximation results in Sobolev spaces and (19), we have that ||v —
vnllie S hlglloq- Also

[(fo =[5, 000) < || fo = fBllj2=npllOpv]| =1 /2400 S 1D = Fillij2=n0 l9]l0.0-

The previous estimates prove the result. 0

Proposition 6 Ifu = L(fp,on) and u, = L,(7% fp, pon), then

lu —unllog < R"[Jw—unlliq, (20)
lvsu —vsunllos < AY2{lu—uplho, (21)
lu—unllio S inf [[u—wvp1e. (22)

v EVR

Proof. By Lemma 3, it follows that

1 fo — b fpllije—np S B fo — 7h follijen S R|lu— uplliq-

Then, by Proposition 5, the first result follows readily from this inequality. By the trace
inequality [3, Theorem 1.6.6],

lysvllos < €A+ 7 Dllvlog +7 Hle,Q]?

that holds for arbitrarily small 7, and taking 7 = h"/2, (21) is a consequence of (20). From
Lemma 3 it also follows that

—xh < inf —
I.fp WDfD||1/2,DNvith||U vnll1,Q-

Then (22) is a consequence of Proposition 2. 0

Let
e(u, up) = B2 ull g + B |lu — unl1,q-

Proposition 7 If u = L(fp,¢n) and u, = Ly(7}h fp, plon), then for all € H*2(Q)

(s, v20) = 22 alun, ¥;)o(x5)| S e(u, un) |9llk+2.- (23)
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Proof. Let ¢, € Vj be the nodal interpolant of ¢ € H*2(Q) C C(Q) (notice that
k+2>2>d/2). Then

(Osu, 7s0) — 32 aun, ¥5)o(x;) = alu, ¢) — alun, on) (24)
= a(u, ¢ — én) + alup — u, ¢ — ¢n) + alu — un, ¢).

Notice that ||vs(¢—@n)|l1/25 S hEHY2(|@| 12,0, since the interpolation operator commutes
with the trace operator and we can benefit from the lower Sobolev index in the boundary
(there is an overestimate in the Sobolev index of the requirement ¢ € H*"2(Q) which is
immaterial for our purposes). Thus

la(u, ¢ = én)| = (O, 72(d — dn))| S B2 Jull ollgllksz0- (25)

Also
la(u — up, ¢ — én)| S B |lu— unlli0ldlir1q- (26)

From the Second Green Identity we obtain
(=) = = [ (=) (864 2%6) + s(u— w), Bs0),
Q

and therefore, by Proposition 6

ja(u — un, )] S K2 |u — unlh,oll¢llo.o- (27)

Hence, (24,25,26,27) prove (23), considering that h* < h7/2. O

Let now © be any open set strictly contained in (). We will use the classical multiindex
notation for partial derivatives: 9% with o € N¢.

Proposition 8 For all «
10785 Osu — 0% (3 jalun, ;) oa(- —x;))lloe < elu, up).

Proof. Let M be a neighbourhood of O, strictly contained in () and with smooth boundary

(see figure 2). We consider a cut-off function x € C*>°(Q) satisfying x|e = 0 and xo\m = 1.
For each x € © we define the function

Ox(y) = x(y) "oa(x —y).
Notice that ¢, € C*(Q) and that

sup || ¢x|lk+20 < C.
x€O

Since for all x € ©

(083 Osu) (x) — 0(32;a(un, ¥y)pa(x — %;)) = (Fsu, yndx) — D 0(un, ¥y)dx(x;),

the result is a simple consequence of Proposition 7. 0

15



Figure 2: The domains in the proof of Proposition 8.
Theorem 9 For all m,
llu — Shun|lme S e(u, up).

Proof. Recall that u = Sy0su — DYysu and the definition of Syuy, given in (12). Then,
by Proposition 6

| DXvsu — DYvsunlme < vsu — ysunllos S R u — unllio S e(u,up).

The remaining term is bounded by Proposition 8. 0

7 Convergence analysis of the method
Proposition 10 In the operator norm from H(X) to HY?~Y2(I') we have that
|IT¢s, — Trs|| — 0.
Moreover, the family of operators Tl is collectively compact.
Proof. Let fs, = (fp,on), u= L(fp,¢n) and uy = Ly (7} fp, plren). Then
Trsfs — Thofs = 9r(u — Spup).

Notice that, as a simple consequence of (22), we can bound ||[u—usll1,0 S [Jullio S |Ifs]s-
Taking © to be a neighbourhood of I' included in @, it follows (with an overestimate on
the norms needed for the bounds) that

| Trsfs — Tisfslloar S llu— Swunllze S e(u,un) S V2| fs s, (28)

where we have applied Theorem 9. This proves the convergence in a more restrictive norm
than stated in the proposition. Inequality (28) proves that

[Tt llor S B2 |fslls + | Trsfs|l1or:

Since Tty is bounded from H(X) to H'*(I") and the embedding H"“*(I") ¢ HY2~/2(T) is
compact, collective compactness of the family {77} follows readily. 0

16



Theorem 11 In the operator norm of H(X) x HY2~1/2(I)
1K€ — Kl — 0.
Therefore, for h small enough T + ICy, is invertible and has a uniformly bounded inverse.

Proof. We decompose
Ky, — Krs, = G Tl = W' s = (G, = W) Tl + WH(TE, — Trs)

and notice that (Gj, — W™)gr — 0 for all gr € HY2~Y2(T"). Then, by a classical result
on collectively compact operators (see [12, Chapter 10] or [1, Chapter 1]) and Proposition
10, it follows that ||Khy — Kps|| — 0.

Because of the definition of K%, by interpolation of both components of Ksr with
finite elements of degree k on the boundary, and using the mapping properties of the
regularising operator Kyr, it follows that

IKEr — Ksrtplls S B2 (190|120 (29)
for all ¢ € H~Y/2~/%(T). Hence |K%. — Kxr|| — 0 and the result is proven. O

Theorem 12 Let (fs, 1) and (f2,4),) be the respective solutions of (8) and (16). Then
we have the bound
I = £2lls + 1% = ¥pll-121/20 S Moo = gbllyzo + 2] 1y 1o

+ inf — o
nhexgxxlauq’b Mll-1/2.-1/2r

FRM2 ufl g + A2 inf (lu— vp|1e-
vREVR

Proof. Because of the uniform boundedness of the inverse of Z + K}, if suffices to bound

fy — f2 fy, gs — g
(I—i—/Ch)[ ] = (/Ch—/C)[ ]—i—[ .
Y — 1, (0 (W™ —Gh)gr

[ (K$p — Ksr)t + (g5 — g8) ]
(W_l — Gp)(gr — Trsfy) + Gh(Trhz — Trs)fs

which reduces the problem to bound the four different terms of the last decomposition
above in the corresponding norms. The definition of gi and (29) serve to bound the first
component above.

Also, since gr — Trsfy, = W1p, then the Céa estimate for the BEM

[ — GV 121200 S inf [[tp —myll 121210

N, EXPxXR
gives the bound for the third term. Finally, by (28) and (22),
|Gh(TYs, — Trs)fsll—1jo-1/2r S |(TPs — Trs)fs || —1/21/2.0

e(u, Lh(ﬂ__}[l)fD7 ,O%SON))
WPl + BV inf =il
vREVR

N N

and the proof is thus finished. 0
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Corollary 13 Let (u,v) and (un,v,) be the respective solutions of (4) and (14)

hu = wnlhg + 19 = wall-1/zvjor S B2 (pl]1/21/20 + i)

+llgp — gbllije.n

+  inf - —1/2,— + inf |[[u—wv i
1, CXEX X 1% = null-1/2,-1/27 vhthH nllio

Proof. By Proposition 2, it follows readily that
lu —unllio $ inf [lu—willio+ [Ifs — s
v EVR

We then apply Theorem 12. 0O

Notice that the right—-hand side of the error bound of Corollary 13 comprises three
types of terms: a super—optimal order term independent of the regularity of the compo-
nents of the solution (and arising from the regularity effect of transferring information
from I" into ¥ and backwards), a term related to the choice of the approximation to the
Dirichlet datum gp and the usual approximation terms in natural norms.

If w € H*"1(Q), which is equivalent to w* having the same Sobolev regularity near
the boundary ¥, and we use interpolation to compute g}, we can obtain a bound

lu = unlli + 1% = ®ull-1/2-1/20 = O(WF) + inf %= mll-apz-ap2r
r

NpEAT

Regularity of 1) depends on that of the interface I' and on the corresponding data gr and
xr- As mentioned at the beginning of Section 4, the spaces X% and Y{ are completely
independent of V), and the parameter h, when appearing accompanying variables in I’
refers to a different grid or discretization level as that of the finite element grid.

8 A numerical experiment

Consider the geometry described in Figure 3, with twenty circular-shaped interior obsta-
cles. The parameters in the definition of the transmission problems are

A=1+1, w=05+05, a=0.5
and the transmission data are taken so that the exact solution is

w' (%) = L5ox(x = Ppo) + da(x — P1) + (1 +2)da(x — p2) — 2exp(1Azy)

wo (x) = exp(uxry) — exp(uexs)
where
po = (—2.6650,0.6967), p1 := (—1.8950,0.3033), po:= (—1.53,—0.04).

We use quasi—uniform grids of the rectangle ) with Ng elements. The basic one,
with 112 triangles is the one given by the Matlab PDE Toolbox, and the refinements are
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Figure 3: The domain for the numerical experiment

obtained by dividing each element into four similar triangles. We have implemented the
elementary Courant P; finite elements. On each component of the interface I' we take
Nr equally spaced elements and we use a Py — P; Petrov—Galerkin scheme with numerical
integration like the one developed in [14, Chapter 5].

We measure an estimate of the L*(Q2T U Q™) error given by the following expression:

E, = NLQ<§: lw(x;) — wh(xj)|2> 1/2.

The errors, for different values of the parameters Np and Ny are listed in the following
table.

Nr\Ng 112 448 1792 7168 28672
6 3.89E-3 5.72E-4 2.46E-4 1.33E-4 7.78E-5
12 3.82E-3 5.02E-4 1.18E-4 4.25E-5 2.78E-5
24 3.78E-3 3.79E-4 5.58E-5 1.51E-5 &.11E-6
48 3.78E-3 3.7T7E-4 4.96E-5 9.55E-6 3.08E-6

In Figure 4 we draw some of these numbers. The first graph corresponds to er-
rors beginning with (Np, Ng) = (6,112) and then halving three progressive times both
grids. These errors correspond to the diagonal in Table 8 beginning in the top left cor-
ner. The right—most graph corresponds to the same kind of refinement beginning with
(Nr, Ng) = (6,448). Both the graphs show convergence with order two. This supercon-
vergence phenomenon can be due to the fact that we are observing in a weaker norm
than the one given for analysis and to the very particular disposition of the boundary
conditions in sides of the rectangle. A proper a priori analysis in weaker norms is lacking
with our current theory, since it does not trivially follow from a classical stability plus
Aubin—Nitsche analysis.
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