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Abstract

Let u be a quasi—definite linear functional. We find necessary and
sufficient conditions in order to the linear functional v satisfying (z—a) u =
A (z — a) v be a quasi—definite one. Also we analyze some linear relations
linking the polynomials orthogonal with respect to u and v.
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Key words: orthogonal polynomials, recurrence relations, spectral transforma-
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1 Introduction

Let u be a linear functional in the linear space P of polynomials with complex
coefficients and denote by {uy, } >0 the sequence of the moments associated with
u, up = (u, ™), n >0, where (.,.) means the duality bracket.

The linear functional u is said to be quasi—definite if the Hankel matrix H =
(uitj)55—0 is quasi-definite, i.e. the principal submatrices Hy, = (uj4;);';j—g, 1 €
N U {0}, are non singular.

The linear functional §, given by (0., P) = P(a), for every P € P, is not a
quasi—definite linear functional since rank H,, = 1 for every n > 0. This linear
functional is said to be either the Dirac linear functional or the Dirac mass at
the point a.

To the linear functional u we can associate a formal power series S,(z) =
Yoo 7ear which is related with the z-transform of the sequence {u,} of mo-
ments of u. S, is said to be the Stieltjes function of u. For the Dirac linear
functional u = d, given as above, we have S,(z) = - in a neighbourhood of
infinite.

Assuming u quasi—definite, there exists a sequence of monic polynomials
{P, }n>0 such that (see [2])

(i) deg P, =n, n > 0,

(ii) (u, Py Pp) = kndp m with k, # 0.

The sequence {P, },>¢ is said to be the sequence of monic orthogonal poly-
nomials (SMOP) with respect to the linear functional w.

If {P,}n>0 is an SMOP with respect to the quasi—definite linear functional
u, then it is well known (see [2]) that it satisfies a three—term recurrence relation

Pos1() = (@ = B) Pa(@) = 3 Paci (@), n > 0, (L1)

with 7, # 0 and P_1(z) =0, Po(x) = 1.

Conversely, given a sequence of monic polynomials generated by a recurrence
relation as above, there exists a unique quasi—definite linear functional w such
that the family {P,},>0 is the corresponding SMOP. Such a result is known as
the Favard theorem (see [2]).

For an SMOP {P,},>o relative to u, let {P,Sl)}nzo the sequence of monic
polynomials such that

PU(x) = (2= Bup) PP () =y PV (2), 0> 0,
PO = 0, PY@) =1

According to the Favard theorem there exists a quasi—definite linear func-
tional u(!) such that {P,(Ll)}nzo is the corresponding SMOP. The family {P,Sl)}nzo
is said to be the sequence of polynomials of first kind associated with the linear
functional u.

Another representation of {Prgl)}nzo is given by

1 Pn-‘rl(y) — Pn+1($)

Prgl)(y):ui()(uﬂ y—x

),



n > 0 (see [2], Chapter 3).

(1)
Notice that £”+1((ZZ)) is the (n+1)-convergent of the continued fraction

1
e
z2—fp1—
Thus
Su(2) = o (1.2)
g
z2—f1—

from a formal point of view (see [2]).

For simplicity we will assume ug = 1.

Let {P,(x,a)}n>0 be the sequence of monic polynomials satisfying (1.1)
with initial conditions Py(x, ) = 1, Pi(z,a) = Pi(x) — . Taking into account
the Favard theorem, there exists a quasi—definite linear functional wu,, such that
{P,(z,a)}n>0 is the corresponding SMOP. This sequence is said to be the co—
recursive SMOP of parameter « associated with the linear functional w. It is
known see ([2], [7]) that P, (z,a) = P,(z) — aPﬁl_)l(x).

From (1.2) we get

Sum(z) = 711{2_*80_57}(@}
Sua(2) = {Sul(z)_a}_lzlsz%.

These two bilinear rational transforms are related to self-similar reductions
and spectral transformations in the theory of nonlinear integrable systems (see
[12)).

For a linear functional u, a polynomial 7, and a complex number a, let 7u,
(x —a)~tu, and Du be the linear functionals defined on P by

(mu,P) = (u,mP),
(@—a'up) = @ 01,
<DU7P> = —<U,P’>,

where P € P.

A Cauchy product of two linear functionals u, v can be defined as the linear
functional uv such that (uv,z") = >} upvp—p, n > 0. Obviously, uv = vu
and dgu = udy = wu. Since ug = 1, there exists a unique linear functional v
such that uv = vu = dg. This linear functional v is said to be the inverse linear
functional of u and it will be denoted by u~!. Notice that (u=!)p = 1 and

(™= =g Un—n(u™")n, n > 1 (see [10]).



Since 225,-1(2)Su(2) = 1, we have S,0)(2) = L [z — By — 225,-1(2)] . Ta-

71
king into account (u™')g = 1 and (u™1); = —f, we get ult) = — 1 m2u L

Concerning the linear functional u,, it is easy to check that u, = (u=* —l—a 50)t
This is an alternative proof of the result of [10] but notice that there the Stleltjes
function has an opposite sign.

In the constructive theory of orthogonal polynomials the so—called direct
problem is considered. A direct problem for linear functionals can be stated
as follows: Given two linear functionals u,v such that v = F(u), where F is
a function defined in P’, the dual space of P, to find necessary and sufficient
conditions in order to F preserves quasi—definiteness. As a subsequent question,
to find the explicit relations between the corresponding SMOP {P,} and {Q,}
associated with u and v respectively.

If w is a linear functional defined by a nonnegative measure y on some interval
I of the real line, with an infinite set of increasing points such that the moments
exist, i. e. (u,z™) = [; 2" dp < oo then we can introduce the linear functional
v such that

n\ __ ng
(v, z )—/I ) du (1.3)

where p, g are two polynomials with pairwise distinct zeros that has constant sign
on I. If we assume (1.3) is finite for every n, the generalized Christoffel theorem
gives the SMOP with respect to v in terms of polynomials of the SMOP with
respect to u (see [4], [11]). In terms of linear functionals, the above transform
reads gqv = pu. Notice that pu = gv is a more general transform because of
Dirac measures and derivatives of Dirac measures at the zeros of ¢(x) can be
considered for v in addition in such a general problem.

When ¢(z) = 1 and p(z) = = — a, the transform for linear functionals is said
to be a Christoffel transform (see [12]). Using the Jacobi matrix J associated
with the linear functional u, the shifted Darboux transform of J without free
parameter yields the Jacobi matrix of v (see [6]).

It is known that v is quasi-definite if and only if P,(a) # 0,n > 1, and

(@ = DQu(r) = Prss(@) - 2D p (1)

Pa(a)

as well as
Qn(z)Po(a) zn: Pk(x)Pk(d).

(P2 2 (wPP)

The polynomials {Qy}n>0 are said to be the monic kernel polynomials of pa-
rameter & associated with the linear functional u (see [2]).

If p(x) = 1 and q(z) = A(z — a) then the transform is said to be the Gero-
nimus transform of the linear functional u (see [12], [10]). The Jacobi matrix of
v is the shifted Darboux transform with free parameter of the Jacobi matrix of
u (see [6]).



Notice that in such a case, v = A7 (x — a) "tu + d, is a quasi-definite linear
functional if and only if P,(a,—A"1) # 0,n > 1, and then

P, (a,—\71)

Qn(z) = Po(z) — m

Pnfl(ﬁ)
(see [9]).

In our contribution, we analyze the direct problem stated as above for the
case p(z) = (z — a) and ¢(x) = A(z — a). For a # a this situation has not
been studied in the literature as far as we know up to in the so—called positive
definite case (see [4]).

In Section 2, given a quasi—definite linear functional u and complex numbers
a,a, and A with a # a and A\ # 0, we characterize the quasi—definiteness of
the linear functional v = {(z — a)™*(z — @)u + (1 — §)d,. Instead of the
analysis of the quasi—definiteness of the linear functional v in two steps (first, the
rational perturbation and, second, the addition of the Dirac linear functional)
we consider the whole transformation taking into account the first one cannot
preserve the quasi—definiteness of the linear functional uw. Indeed in [4] this
constraint must be emphasized when polynomial perturbations are introduced.
Further, we show that (x — @)@, is a linear combination of three consecutive
polynomials of the SMOP {P, },,>o.

Notice that the confluent case a = a yields a perturbation of u via the
addition of a Dirac mass at the point = a. This corresponds to the Uvarov
transform of the linear functional u (see [12]). The direct problem has been
solved in [8]. We point out that the results for @ # a extend in a natural way
those already known for a = a.

In Section 3, under the thesis of Section 2 we characterize when the relation
between {P,},>0 and {@y}n>0, obtained there, can be reduced to a relation
P, (z) + $pPr—1(x) = Qun(z) + tnQn—1(x) with s,t, # 0 for every n > 1, and
s1 # t1. This last type of relation, as an inverse problem, has been analyzed
in [1]. The motivation for such a kind of problems is reflected in [3] when an
extension of the concept of coherent pairs of measures associated with Sobolev
inner products is considered.

We also observe that there is an important difference for the cases a = a
and a # a. Namely, if a = a then s, # t, for every n > 1 while if a # a both
situations, i.e. either s, # t, for every n > 1 or s, = t,, for some values of n,
can appear as we show in some examples.

2 Direct problem

In this section, we study the direct problem for v = }(z—a) ™! (z—a)u+(1—1)da
where u is a given quasi—definite linear functional, and a,a, A € C with a # a,

A#0.
Theorem 2.1 Let u,v be two linear functionals related by

(x—a)u=A(x—a)v, a,a,reC. (2.1)



Assume ug = 1 = vg and a # a. If u is a quasi—definite linear functional with
corresponding SMOP {P, },>o then, the linear functional v is quasi—definite if
and only if

| Pu@) Pua(@
A=l Ry(@) Ruala) 7% "1

where Ry(x) = (A—1) Py(x)+ (a—a) P, pv 1(z). Furthermore, if {Qn}n>0 is the
SMOP associated with v then

x)
(x—a)Qn(z) =AY Puyi(a) Pn(&)) n>1. (2.2)

Proof. Assume v is a quasi-definite linear functional and {Q,},>0 is its
corresponding SMOP.

Consider the Fourier expansion of (z — @) @, in terms of the polynomials
P,, that is

( )Qn( = n+1 +Zan,] Z 1a

where a,,; = (u, PjQ)_1 (u, (x — a) Qn P;). From formula (2.1) we get

(x—a) Qn( ) = Poi1(%) + ann Po () + an—1 Po—1(2) (2.3)

with ap p_1 = <u P2 =3 7£ 0.

Forz =a
0= Put1(@) + ann Po(@) + ann—1 Pr_1(a). (2.4)
On the other hand,
(a— @) Qn(@) = Pat1(a) + i Pa(@) + Qnns Paa(a): (25)

Subtracting (2.5) to ( 2.3) and dividing by « — a, we can apply v in order to get
('T — El) Qn(x) — (a‘ — El) Qn(a)

Tr—a

) = PV (a) + anp P (a) + cnnar Py (a).
(2.6)

(u,

The left hand side becomes
(u, () 22~ Dol

r—a

)+ Qn (@) = A (v, Qu (%)~ Qn(0))+Qn(a) = (1-)) Qu(a)
and therefore

(1= A) Qu(a) = PY(a) + ann Py (@) + ey PUy(a). (227)
Thus, (2.5) and (2.7) yield

0= Rn+1(a) + Qn.n Rn(a) + Qpon—1 Rn_l(a). (28)



Since the system of equations (2.4) and (2.8) in ay, ,, and o, ,—1 has a non—zero
solution, then we get A, # 0 for every n > 1.

Besides, from (2.3), (2.4) and (2.8) we obtain (2.2).

Conversely, if A, # 0 for every n > 1 we will prove that the polynomials @Q,,
defined by

Pn+1(x) Pn(@ Pn71<33)
(z—a)Qu(x) = AT | Pota(@) Pu(@) Pooal@) |, n>1,
Rn-H(“) Rn(a) Rn—l(a)

are orthogonal with respect to v. Indeed, for 0 < j <n — 2,
A, Qu(z)(z — a)Pj(2)) = (u, (z — a)Qu(2) Pj(z)) =0

and for j =n—1,

Mo, Qu()(x—a) Pumi(2)) = (u, (2-0)Qu(2) Pym1(2)) = Dy A (u, PY_y) # 0.

Thus, we only need to prove that (v,@Q,) = 0 for every n > 1. In order to do
this, observe that

Qn(x) — Qn(a)

M @ud = A (v, (0 — ) 2=y g )
= (@~ a, 2D, 50, )
— <u7 (‘T _d)Qn(wJ)::((la —Zl)Qn(CL)> + ()\_ 1) Qn(a)

Applying the expression of (x — @)@, () in terms of the polynomials P, (z) and
(2.7) we get

(z = a)Qn(r) — (a - C3)Qn(a)>

<u)

So (v, Q) = 0 for every n > 1.
As a conclusion, (v,Q2) = (v,Qn(z — a)P,_1) # 0, and {v,Q, p) = 0 for
every polynomial p of degree less than n. O

Corollary 2.2 Under the conditions of Theorem 2.1 the linear functional v is
quasi—definite if and only if 1 + Z;l;ol % # 0, for everyn > 1.
o

Furthermore, we have

(= a)Qn(z) = Pat1(z) + anla, @) Po(z) + byp(a,a) Pr—1(z), n > 1 (2.9)



with
an(a,d) = B —a+ (a—a)A, ' P,_1(a)R,(a) (2.10)

and
bo(a,ad) =y, + (@ — a)A, ' Py(@) R (a). (2.11)

Proof. From the expression of A,,, using the Christoffel-Darboux formula (see
[2]), we have for n > 1

A, =(a—a)[(1 =N Kn_1(a,au)(u, P;_y) + By(a,a)],
where K, (z,y;u) denotes the reproducing kernel of degree n associated with u

and
P (&) Pnfl(d)
1 (

L
=] P ) P, ()

Inserting the three—term recurrence relation for both polynomials P, and PT(Ll)l,
we get

Bn(a,a) _ . Paa(@) Dy U5(a) | Bui(a,d) n
(u, P2_,) = ) (u, P? 1> (u, Pp_5) " =2
Iteration yields
a.d nol Pj(a P-(i)l a
{iné”z: 1)> = (& — a) j;o (<u)7;_)jg>() - ]-7 n Z 1 (212)
Therefore
[ "l Pi(a P-(l)1 a
Ap=(@—a){u,Pl_y) |1+ (A= DKy 1(a,a;u) + (a—a) Y J(@f 13>< |
3=0 I
:(&7a)<u7PT2L—1> 1+Z ng y
(2.13)

and the first part of the Corollary follows from Theorem 2.1.
On the other hand, we can write formula (2.2) as follows

(z — @)Qn(2) = Ppg1(z) + anla, @) Py (x) + by(a,a)Po—1(x), n > 1.
Using the three—term recurrence relation for P,11(a) and R,11(a) we get

an(a,a) = B — A aPy(a)Ry—1(a) — aPn_1(a) Ry, (a)]
=By —a+ (a—a)A P,_1(a)Ry(a).



Besides, from (2.13) we obtain

An An ~ P’ﬂ a Rn a
o "4 (@-a) ()2()
<U7Pn> <uaPn71> <u?Pn>
and, since by, (a,a) = 224 and 7, = <1§u1’£’3>>, then
n Tn—1

In Theorem 2.1 and Corollary 2.2 we have assumed a # a. Notice that
if a = a the relation (2.1) between the linear functionals v and v becomes
u=Av+ (1 — A)dq. In this situation it is well known (see [8]) that v is quasi—
definite if and only if for every n > 1

1+ (AN=1)K,(a,a;u) #0
and then
(x — a)Qn(z) = Pry1(x) + an(a)Pp(x) + bp(a)Pp_1(z), n > 1 (2.14)

holds, where

L (A= 1)Pa_1(a)Py(a)
an(a) = Bp (u, P2 V1 + A — 1)K, _1(a,a;u)]
and 1+ (\N— 1K ;
bn(a) = LA e

I AN -1D K, (a,a5u)

Notice that, these results can be recovered from Corollary 2.2, when a tends
to a.

3 Linear relations between the polynomials {F,}
and {Q,}

Let v and v be quasi-definite linear functionals with corresponding SMOP
{Pn}n>0 and {Qn}n>0, respectively. In Section 2, we have obtained that if
u and v satisfy the relation (z — a)u = Ax — a)v with a,a, A € C then an
expression of the form

(x —a)Qn(z) = Poy1(x) + anPp(x) + by Pp_1(z), n > 1 (3.1)

holds (see formulas (2.9) and (2.14)). That is, a linear combination of three con-
secutive polynomials P, coincides with a linear combination of three consecutive
polynomials Q.

On the other hand, in [1], it was proved that if the linear functionals u and
v are quasi—definite and they are related as above, then there exists a relation

10



P, (z) + spPh_1(z) = Qun(x) + t,Qn_1(z) with spt, #0, n > 1, and s; # ¢ if
and only if for every n > 1, P, # Qn.

Thus, at the present, we have two expressions linking the polynomials P,
and @, the last quoted and the one given in formula (3.1).

We see below that if P, # Q,, n > 1, then both formulas are not indepen-
dent. In fact, one of them can be reduced to the other.

Theorem 3.1 Let u,v be two different quasi—definite linear functionals nor-
malized by ug = 1 = vy and related by

(x—a)u=A(x—a)v, a,a,recC.

Let {P,}n>0 and {Qn}n>0 be their corresponding SMOP. The following condi-
tions are equivalent:

i) Formula (3.1) can be reduced to an expression

Pu(@) + 52 Pa1(2) = Qu(®) + taQn 1 (2) (3:2)
with spty, # 0 for everyn > 1 and s1 # ty.

i) For alln > 1, Ry(a) = (A — 1)Py(a) + (a — a)PM, (a) #0.

Proof. Suppose that i) holds. In [1, Theorem 2.4] it has been proved that
whenever such a relation (3.2) is satisfied then P, # @, for every n, and besides
Po(z) = Qun(z) + N Ry (a) K, —1 (2, a;v), n > 1 (see formula 2.24 in [1]). So, ii)
follows.

In order to derive the converse result we will first consider the case a # a.
Inserting the three-term recurrence relation in (3.1) successively for P,y; and
P, we get, for n > 2,

(r —a)Qn(z) = (x — a)Pu(x) + (& — Bn + an) Po(x) + (b — Yn) Pr-1(2)
= ( a) [Pn(m) (a_ﬂn""an)Pn 1(m)]

+[(@a—Bn+an)(a
_’Yn 1( + an)Pn—Q(x)-
(3.3)
The first part of the formula (3.3) for n — 1 reads:
(2= @)Qu1(2) = (& — &) Pa1(2) + (@ — Bu1 +an_1)Pa1(2)
+(bn71 - ’7n71)Pn72(m)-
(3.4)

Taking into account (2.10) and (2.11), the above two formulas can be written

(¢ = @)Qn(x) = (x — &) | Pa(@) + Y5 Ry (a) Pa1 (@) Pa-s ()

11



— (¢ —a) [Pn(:c) + ( 'O R, (a) P (@) + tn) Pn,l(x)}
o - a) | By + B4, | [P (@) P (@) = Paca (@) Paa(@)].

-1

Now, since by hypothesis R, (a) # 0 for all n, if we take

Rn (a) An,1

ty = —
Rn_l(a) An

Tn—1, 1 2 27

we get t, # 0 as well as
Qn(x) + thn—l('x) - Pn(x) + SnPn—l(-r)7

where s, = (a — a)A 'R, (a)Po—1(a) + ty.
Observe that, using (2.11), we can obtain
R, (a)
Sp=—m—7<#0, n>2
Rn_l(a) 7&

For n = 1, from the values of a; and by, the first part of formula (3.3)
becomes Q1(z) = Py(x) + 52 Ry (a). Then Pi(z)+s1 = Q1(x) +¢; holds with
Sltl 7é 0 and S1 —tl 7£ 0.

Finally, notice that the case a = a can be derived in a similar way. O

Remarks. 1) In Section 2, we have seen that the linear functional v is quasi—

definite if and only if 1 + Z?:o % # 0, n > 1. It is worth noticing that
o

the parameters {R,,(a)}n>0, which appear in the above result, also characterize
the existence of formula (3.2).

2) In terms of the linear functionals, we have that R,(a) # 0 (n > 1) if and
only if the linear functional (x — a)w is quasi—definite, where w is either the
linear functional u (case a = @, A # 1), or the linear functional u(!) (case a #
a, A = 1) or the linear functional associated with the co—recursive polynomials
(case a # a, A # 1).

3)If a # a and X # 1 it was proved in [9] that R,(a) # 0 for every n > 1
if and only if the linear functional ‘;\:‘} (r —a)~tu + 6, is quasi-definite. When
u and v are related as in Theorem 3.1, this last condition is equivalent to the

12



quasi—definiteness of the linear functional Av — u. Moreover, in this case the

SMOP associated with v — u is {P,, — %Pn,l}nzo.

Next, we want to point out that a difference appears between the cases a = a
and a # a with respect to the parameters s, and t,, in formula (3.2).
In Theorem 3.1, it has been shown that there exists a relation of the form

Po(z) + 50 Pp1(2) = Qn(2) + tnQn1(2) (3.5)

with s,t, # 0,n > 1, and s; # t; if and only if R,(a) # 0, n > 1. Moreover,
we get for every n > 1

P,_1(a)R,(a)
n—1 Pj(@)R;(a)]’
(u, P2y) [L+ X0 2]

tp — Spn =

Then, whenever a = @ and A # 1, (3.5) holds if and only if the linear
functional (z — @)u is quasi-definite. Besides s, # t,, for n > 1.

However, if a # a, even if the condition R,(a) # 0 is satisfied for all n > 1
then both situations either (z — a)u is quasi—definite or (x — @)u is not quasi—
definite can appear. In fact, an example of the first situation was given in
[1] being u and v the Jacobi linear functionals with parameters a — 1,5 and
a,B—1 (a, 3 > 0), respectively, and a = —1, @ = 1, A = —af~!. In this case,
also s, # t, for every n > 1.

Next, we are going to show an example of the second situation, that is, when
the linear functional (x — @)u is not quasi—definite and, as a consequence, the
condition s,, # t, is not satisfied for every n > 1.

Let u be the Chebyshev linear functional of second kind, that is, the Jacobi
linear functional with parameters o = 8 = 1/2, and take a = 1, a = 0, and
A = 3. We denote by {P,} the monic polynomials associated with v whose
recurrence coefficients are 3, = 0 and 7, = 1/4 (see [2]). Observe that the
linear functional xu is not quasi—definite.

With these conditions the co-recursive polynomials R,, are given by

1
R, (xz) =2 |Py(z) + an,l(x) . (3.6)
Notice that %Rn () are the monic Chebyshev polynomials of fourth kind, that
is the monic Jacobi polynomials with parameters « = 1/2 and 5 = —1/2, see
[5].

First, we check that the linear functional v defined by zu = 3(z — 1)v is
quasi—definite. As we have introduced in Theorem 2.1

P,(a) P,_1(a)

An = R.(a) Rp_1(a) |’

n>1

7

13



and since Py, (0) = %, Py, 41(0) =0, and R, (1) = 224 we get

ndn—1 a1 dn 43
Aoy = (—1) ey and  Agy,yq = (—1)"H o

Therefore, A,, # 0 for every n > 1, and thus v is quasi—definite. Observe that
v = —%w + 01 where w denotes the Chebyshev linear functional of third kind.

As R, (1) #0, for n > 1, from Theorem 3.1 a relation of the form (3.5) holds
with

R, (1) 2n+1
n — — = - 5 > 2a
3 Roi(1)  202n-1 "
and
— > 2

Therefore, taking into account P (z) = Q1(z) + 1, we deduce

n+1 In+1
PQn(l") - m P2n—1(33) = QQn(JS) - m Q2n—1(33)7 n>1,
4 3 dn —1
P2n+1($) - 2(4727—:_1) P2n($) = Q2n+1(fﬂ) + m QZn(fC)a n > 0.

Notice that in this case s5,, = to,, n > 1.

Eventually, from the values of the recurrence coefficients of {P,} and The-
orem 2.2 in [1], we can deduce that the recurrence parameters for {Q,} are
B =(~1)", n >0, and

4n —1 dn + 3

~n = T A o\ >07 d Nn:777 Zl
Tt T Ty gy T e Aan—1)"
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