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Abstract

In this short note we prove the equivalence between having a discrete lifting
of Dirichlet boundary conditions for (abstract) finite element spaces and having
a Scott—Zhang type operator in the space, i.e., a stable projection preserving ho-
mogeneous boundary conditions. Both results are equivalent to the possibility of
obtaining a Céa estimate where approximation of the boundary conditions is sepa-
rated from the approximation capabilities of the space.

1 Statement of the problem

Let V and M be Hilbert spaces, 7 : V — M be a bounded surjective linear operator (the
abstract trace) and V? = kery. Let a : V x V — C be a bounded sesquilinear form. We
consider the following problem: given n € M, find the solution to

weV, qu=n,

0 (1)
a(u,v) =0, Vv e VP

Remark 1 To keep notations as light as possible, in the following we will be using the
same symbol for norms, || - ||, and inner products, (-, ), of M and V. It is the notation
for the elements (Greek letters for elements of M and Latin for those of V') that will make
the context clear.

To ensure well-posedness of (1) we assume the following:

Hypothesis I. The operator Ay : VO — VO defined by the relation (Agu,v) =
a(u,v), for all u,v € V°, is invertible.



If this hypothesis holds, then (1) has a unique solution. We define R : M — V to the
operator such that Rg := u, the solution of (1). It is clear that R is bounded and is a
right-inverse for . We will call it a lifting. In particular, if we take the inner product

of V' as sesquilinear form, the associated lifting is just the pseudoinverse of ~, which we
denote 4t (see [2]).

Remark 2 The standard example for this abstract setting consists of taking V = H* (),
M = HY2(T), 7 the trace operator (and thus Vo = H}(Q)) and a( -, -) being the sesquilin-
ear form associated to an elliptic operator, for instance, a(u,v) = fQ Vu - V.

Let now V;, C V be a family of finite dimensional subspaces of V' and consider the
spaces V0 := V, NV and M, := ~Vj,. We then consider the discretized version of (1):
given 1, € M), (in practice one takes 7, ~ 1 in some way), solve

up € Vi, yup = 1, @
a(up,vy) =0, Vo, € V2.
The discretized version of Hypothesis I is:

Hypothesis I1. There exists o > 0 such that

sup |a(up, vp)|

#uhe‘/o h

If this hypothesis holds, it is very simple to prove that (2) has a unique solution and that
there exists Cy > 0 such that

lu — upl| < Coinf{||u — vp|| | v € Vi, yor, = mi}- (4)

The operator mapping 7, to wu, will be denoted Ry, : M, — Vj. Again, in case the
sesquilinear form is the inner product, Hypothesis II trivially holds and the operator,
denoted by ;" is just the pseudoinverse of v, 1= 7|y, : Vi, — M.

Remark 3 There are two simple cases where both hypotheses hold.

(a) The sesquilinear form is Vo—elliptic, i.e., there exists o > 0 such that Re a(u,u) >
al|ul|* for all u € V4.

(b) There exists a Hilbert space H, such that V. C H with dense compact inclusion,
a( -, -) satisfies a Garding inequality (here a,k > 0)

Rea(u,u) > allul|* — & Jullf;, — YueV® (5)

and the homogeneous version of (1) does not admit but the trivial solution, then
the hypothesis is satisfied. Then (3) holds for h small enough provided that for all
u € VY, inf,, cpo [[u— vl — 0.

In the remainder of the paper, we will assume that Hypotheses I and II hold.
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2 Main results

Theorem 2.1 The following statements are equivalent:
(1) Ry, is uniformly bounded.
(2) v is uniformly bounded.

(3) There exists Ly, : My, — Vj, linear uniformly bounded satisfying v Lyn, = np, for all
np € M.

Proof. Notice that ||y na| < [Jun|| for any v, € V, such that yv, = n,. Then we just
have to prove that uniform boundedness of Ry is implied by that of ;7. This last is,
however equivalent to the following discrete uniform Babuska—Brezzi type condition (see
[1]): there exists 3 > 0 such that

|(7Uh7 Mh)|
sup —— 0
0oneV || Unll

> Bl Vun € Mp,. (6)
Since (yvp, pup) = 0 for all u, € M), implies that yv, = 0, then wuy, := Rygy, solves
up € th >\h S Mhu
a(up,vn) + (An,yon) = 0, Vo € Vi,
(yun, pin) = (M), Vpw € My,

Then (3) and (6) show that |un|| + [|[An]] < C||mall, with a constant C' depending on «
and (. O

Hypothesis I11. For all h, there exists an operator 11, : V' — V},, such that: it
is uniformly bounded, it is a projection onto Vi, and if u € V°, then Mu € V!
(it respects the boundary condition yu = 0).

Two of these operators have been studied in [4] and [3], for particular choices of finite
element spaces.

Theorem 2.2 If Hipothesis III holds, then Ry is uniformly bounded.
Proof. Let n, € M), and consider u := Rny, (i.e. problem (1) with n = n;,) and uy, := Rpn,
the solution of (2). Since u—uy, € VO, then yu —up, = I, (u—up) € V) and we can take

[Tyu in (4):

lu = unll < Collu = Myl < Co(1 + [[1al]) inf [lu—wvnl| < Ciljul.
Vh h

This easily gives the result. O



Remark 4 Notice that existence of 11, satisfying Hypothesis III allows to prove a variant
of the Céa estimate (4)

lu—wnll < G inf [lu—on] + Clln — mal. (7)
v EVY

This allows for a simple approach to the analysis of the approximation of (1) by (2), even
with non—homogeneous right—hand side.

Theorem 2.3 If v, is uniformly bounded, then there exists I}, in the conditions of Hy-
pothesis I11.

Proof. Let P) :V — VY and T}, : M — M), be the orthogonal projections onto V! and
M, respectively. Let then
Hpu == Plu+ v Thyu.

It is clear that IT, is uniformly bounded and that if u € VO (that is, yu = 0) then
Hyu = PPu e V. If uy, € V4, then Tj,yup = yuy, and thus
yup = Pluy + 95 yun, = o)) + vy,
where
v) € Vi, uh =0, vy € Vi,  YUL = Yup,

and
(v, v1) = (up, vp), Yoy, € V)2 (v}, vp) =0, Vo, € V.

Therefore II;u;, satisfies
Wyup € Vi, yIpup = yup,

(Hhuh,vh) = (uh,vh), V"Uh € V}?,

and by uniqueness of solution Il,u, = uy,. O

Remark 5 The theory of mixed methods gives also some additional insight into this mat-
ter. Assume there exists an operator Il : V' — V}, satisfying the requirements of Fortin’s
lemma: uniform boundedness and compatibility

(YHpu, pn) = (yu, pn), Vi € Mp,.

Then, if this operator is a projection onto Vj,, it also satisfies Hypothesis II1.

3 Two simple consequences

The first by—product of these results is a simplified version of the Céa estimate, provided
that the choice n, ~ n is stable. Obviously, if the sequence V}, satisfies an approximation
property in V/, then this implies convergence of the solutions of (2) to that of (1).



Corollary 3.1 Assume that Ny : M — M, is a uniformly bounded projection onto Mj,.
If Ry, is uniformly bounded and we take n, = Npn in (2), then

llu —up|| < Cy inf |lu— gl
v EVR

Proof. Let wy, the the best approximation of u in Vj, i.e., ||u — wy| = inf,, ey, ||u — vp]|.
Then

I =mll < A+ NG inf fin = pull < L+ [INkIDIn = ywnll < @+ 1N DI e = wnll

The result then follows by (4). O
The associated Dirichlet—to-Neumann operator in this abstract setting is the mapping
M — M’ given by
n +— a(Rn,R-)=a(Rn,y"-): M — C.
The final result proves uniform boundedness of the discretization of this operator between
abstract Cauchy data. Its proof is straightforward.

Corollary 3.2 If Ry, is uniformly bounded, then the discrete operator M), — M, given

by
nn — a(Rpnn, Ry - ) : M — C

1s uniformly bounded.
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