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Abstract

In this work we consider the numerical solution of the Laplace equation in a
domain with holes by means of the overlapping of finite and boundary elements.
The essence of the method is considering a finite element solution of the Laplace
equation in the domain without holes and an exterior single-layer solution on the
unbounded domain around these holes. This solution can be viewed as a limit of a
discretized interior—exterior Schwarz—type iteration. A convergence analysis of both
the iteration and the discrete solution is carried out, taking full generality in the
BEM scheme. Some numerical experiments are also given.

AMS subject classification. 65N30, 66N38, 65F10
Key Words. Finite elements, boundary elements, Schwarz method

1 Introduction

The present work is concerned with the numerical solution of a model problem, namely
Laplace’s equation with Dirichlet boundary conditions, on a domain with holes (henceforth
referred to as obstacles), in two or three dimensions. The basic idea is to take out the
interior obstacles and make a triangulation of the simpler remaining domain using finite
elements on it. At the same time we will consider the exterior problems to the set of
boundaries of the obstacles and use boundary elements, based on an indirect single layer
potential formulation, for this kind of problem. Then we iterate between both problems,
interchanging traces, i.e., the finite element solutions generate traces on the boundaries of
the obstacles and the boundary element solution is plugged into the single layer potential
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to obtain values on the outer boundary. The iteration is then carried out till the process
becomes stationary.

The method thus proposed is a discrete version of the interior—exterior Schwarz it-
eration studied in [3]. The kind of ideas of this method is heavily related to multiple
scattering techniques and somewhat resembles Chimera type methods [2] . Just for this
model situation, the method provides a simple discretization of a problem in a domain
with a complicated geometry by taking out holes (in fact we do not have to eliminate all
the obstacles, just the part of them we choose).

For the discretization of the interior problem we consider Py finite elements on a
simplicial triangulation. The reason for this restriction is more on the analysis side of the
problem than on practical issues, basically since we want to use Scott—Zhang’s operator
[18]. All what is used of these finite elements is stated in the Appendix, so all the results
are valid as long as we can prove similar bounds for other finite element spaces. For
the boundary element part, we consider any convergent Galerkin method, be it based on
finite elements or not. Part of the analysis requires a somewhat stronger approximation
property of the discrete space. This property is however satisfied by all relevant boundary
element spaces.

In fact the work develops two different approaches to the problem. First we study
the iteration and we prove that in some situations it has a limit. On the other hand we
can ignore the iterative process and study its possible fixed point even when this is not
reached as the limit. This second approach allows to think not only of better iterations
(based on GMRES for instance), but also of more general elliptic problems.

The paper is structured as follows. In Section 2 we state the model problem, describe
the Schwarz BEM-FEM iteration and write down the discrete equations satisfied by its
possible limit. In Section 3 we write the problem and the iteration as an equivalent set of
operator equations, traces of the uncoupled problems becoming now the unknowns. This
allows for a study of the problem in relation with the continuous interior—exterior Schwarz
iteration of [3]. By only assuming convergence of the Galerkin BEM and refinement of
the interior triangulation, we show in Section 4 that the discrete iteration converges in all
cases when the continuous iteration converges.

In Section 5, we prove uniform boundedness of the inverse of the discrete operator
obtained in Section 3. This gives an alternative proof of the same fact for the three
dimensional case (where everything works before discretization) and in the good two
dimensional cases. It also extends the result for some two dimensional cases. The proof
does not use the fact that the spectral radius of a certain operator obtained in Section
3 is less that one, but relies on Fredholm properties of this operator. This opens some
expectations on the possibility of extending the results to more general situations.

In Section 6 we give an asymptotic analysis of the error as the discretization (both
finite and boundary element) becomes finer. We comment on possible choices for the BEM
spaces. Section 7 is devoted to illustrating some of the results in a simple two dimensional
example, by using a non—conforming Dirac delta scheme (a quadrature method) for the
boundary integral part.

An appendix gathers some results concerning mainly convergence and stability of the
finite element method in Sobolev spaces of fractional order.



Notational foreword. We will make extensive use of the Sobolev spaces H*(QO), where
O is an open set in R? and R 3 s > 0. Their norms will be denoted by || - ||s0. For
Lipschitz curves or surfaces ©, we also will consider the Sobolev spaces of real order
H*(©) with s € [—1, 1], with similar notations for their norms. Definitions and properties
of these spaces, in the form that are needed here, can be found in [7, 12].

With C' (with possible sub and superscripts) we will denote a positive constant inde-
pendent of the discretization parameter h, and of all quantities it is multiplied by, possibly
different in each occurrence.

2 Description of the method
Let Q C R (d = 2, 3) be a domain with polygonal (polyhedral) boundary ¥, strictly con-

taining a possibly non connected open set with Lipschitz boundary I'. The corresponding
anular domain, exterior to I' and interior to ¥ will be denoted by 2.

X X

Figure 1: The domain with and without holes

The method we propose here is a Schwarz—type iteration for the boundary value prob-
lem: find w € H'(Q) such that

Aw =0, in €,
(1)

T=W = gy, W =gr

for given gs € HY2(X), gr € HY?(I'), 75 and 7 being the corresponding trace operators.
Associated to the boundary I' we consider the single-layer potential

St = / (-, y)(y)do(y) : R — R (2)

for an arbitrary density 1 € H~/2(T), being ®(x,y) := 1/|z —y| in three dimensions and
®(z,y) := —log |r(z —y)| in two dimensions. The choice of the parameter r > 0 has some
consequences on properties of layer potentials (see Proposition 1 below).

We also consider the single-layer operator Vy : H—V/2(T') — HY*(T)

Vi =Sy = /F(I)( Sy)v(y)do(y) - T — R.



For properties of this operator and restrictions—extensions to other Sobolev spaces of real
order, see [5, 12]. In two dimensions, the concept of logarithmic capacity of a curve or set
of curves is relevant in properties of inversibility of V1. For its definition, see [12, 19]. We
gather in the following proposition some well-known properties of Vi (see [12] Chapter 8,
for instance).

Proposition 1 In the three dimensional case, Vi is elliptic and therefore inversible in
H=Y2(T). In two dimensions, Vi is inversible if and only if the logarithmic capacity of T
differs from 1/r and elliptic if and only if the capacity is less than 1/r.

The method we propose needs two families of discrete spaces, one defined in ) (the do-
main without the holes) and the other on the boundary I'. For simplicity we will consider
a single discretization parameter h := (hg, hr) — 0, grouping the refinement possibilities
of both families. The parameter hr does not necessarily have a geometrical meaning. In
the last part of this work (section 6) we will separate the effects of discretizations in @
and T

Let 7, be a regular family of simplicial triangulations in the usual sense (see [1, 6])
and let P}? C H'(Q) be a polynomial finite element space associated to this triangulation

PhQ = {uhEC(@H uh|K€IP’k, VKEZZ}

We will not make apparent the degree of the polynomials (k > 1) in the definitions, since
it does not appear in the analysis until the moment when we consider convergence orders.
The finite element space restricted to the boundary

Xy = n Py

will be of relevance in the sequel. Associated to these spaces we have a finite element
procedure FEM : X — P2

uhEP,% f}/Euh:g}Xia
FEM(¢>) = up, 3
( h) /Vuh~Vvh:O, \V/’Uhep}?mHé<Q)' ( )
Q

For the interior boundary we consider a family of subspaces S} C H -1/2(r ), in conditions
to be fixed later. In general, this space can be composed of finite elements, trigonometric

polynomials (in 2 dimensions) or spherical harmonics (in 3 dimensions), etc. We then
define the Galerkin boundary element procedure: BEM : HY/2(T') — S}

wh € 557
(Vrbm, &n) = (gr, &n), Y, € Sy,

being (-, -) the H2(T') x H~'/%(T") duality product.
Finally, to define the iterative process, we introduce the operator Vsr : H=V?(T) —
H1/2<2)

BEM(gr) = n, ‘

Ver = ysSryp = /F(I’( SyY(y)do(y) X — R

4



and the nodal Lagrange interpolation operator I : C(X) — X;°, which is well defined for
the finite elements considered above.
The iteration goes as follows: first, we choose

S oS
X2 gon & gs

(how this function is chosen is not relevant for convergence of the iteration, but it is for
convergence as h — 0); then we do

uo,n == FEM(g,)
Yo.n = BEM(gr)
forn >0 (4)
Unt1,h = FEM(QOE,;L - [Evzrwn,h) = Uo,n — FEM([EVZFwn,h>
Vni1,n = BEM(gr — yrtnn) = on — BEM(Yrt,n)
The approximation to the exact solution is given by the expressions
Wpp = Upp + SrUpp 0 @ — R

Assuming the existence of a limit as n — oo, say w, = limw,; and ¢, = lim,;, it is
simple to show that these functions satisfy the discrete equations

I FEMIPVsp } { up, } B { U, }
BEMnyr I Un, Yon |

The iteration (4) is a block Jacobi method for this system. Notice that because of its
particular form, the Jacobi method is equivalent to this block partitioned method. A
Gauss—Seidel type iteration is also possible, although it losses the parallel structure of the
Jacobi method.

Moreover, we can think of equations (5) as a discretization of the model problem
(1), by defining finally an approximation w;, = u, + Srt,. We thus can solve these
discrete equations by other iterative schemes requiring only multiplication by the matrix
(i.e., solution of a finite element and a boundary element problem), such as GMRES (see
8, 13]).

()

3 An equivalent formulation

The iterative method above can be written in an equivalent way, which emphasizes its
proximity to the interior—exterior Schwarz algorithm developed in [3]. This reformulation
will be used to give a convergence analysis both as n — oo and as h — 0.

Let R: HY?(X) — H'(Q) be the harmonic lifting operator

Rgs € H'(Q), ~=Rgs = gs.

/ VRgs - Vv =0, Vv € Hy(Q).
Q
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Some relevant properties of R are reviewed in the appendix. We then consider the oper-
ators Ky := yrR : HY?(X) — HY*(T') and Kyp = VarVi '« HY3(T) — HY?(Z) and
two matrices of operators A, K : H'/2(X) x HY*(T') — HY2(Z) x HY*(T)

o 0 KEF L o .[ KZF
R PR

It is simple to prove that I is compact.
Proposition 2 ([3] Theorem 2.1) If Vi is inversible, A is inversible.

Proposition 3 ([3] Theorem 2.2) The spectral radius of the compact operator p(K) =
(p(KsrKrs))Y? is less than one: (a) in three dimensions; (b) in two dimensions if the
logarithmic capacity of 3 is less than 1/r.

Notice that the logarithmic capacity of the complete domain is relevant in this result
(the hypothesis can be however somewhat weakened [3] Proposition 3.3). The lack of
good properties for the two dimensional case can be easily mended by taking a smaller
value of r or changing units in space to make the domain smaller.

In addition, if we consider the uniquely solvable system

e L] "

then the solution to (1) can be decomposed as
w=Rfs+SVi'fr,

i.e., the equations provide the unique decomposition of w as a sum of a single-layer
potential plus a solution in the whole set (). This idea is quite common in the field of
time-harmonic waves, where R fs, plays the role of an incident wave and the other term
is the scattering produced by I'. We will see that the iterative method can be understood
as a discretization of the Jacobi method for (7) (which coincides with the Neumann series
iteration), which was studied in [3].

New discrete spaces and operators. In order to write the iteration and its possible
limit more appropriately, we introduce some new discrete elements:

(a) Let X! := VpSE. This space, isomorphic to S}, appears just for the sake of the
analysis, but does not have to be constructed or used in practice.

(b) Let Ry, : X7 — P2, be the discrete harmonic lifting (up to now denoted by FEM).
Some properties of Rj are given in the appendix.

(c) Let Ly : HY?(T') — X} be given by L, := VyBEM, i.e.
thF € X”IL‘J
(Lngr,&n) = (gr:&n),  Vén € S



(d) Finally consider any projection Ny, : HY/2(X) — X;°, that is uniformly bounded as
an operator in H'/2(X). At this stage, the H'/2(3)—orthogonal projection onto X;°
is a suitable choice for IN,. The operator itself is immaterial for what follows.

These operators lead to consider approximations of Kyr and Kry

Kt ="Ky @ HYXI) - XP c HY2(D),
Kfy = Liyp RNy = H'?(2) — Xj € HYA(D),

the corresponding matrix of operators

[0 wy
oo | gy o)

and Ay, =T+ Ky : HY2(S) x H'2(D) — HY2(3) < HY(T).
Proposition 4 Consider the iteration (4) and let

P p I I I
gn,h = ")/Eun7h < Xh gn,h = ern,h € Xh .

[Qiﬂ,h}: {géh}_{ Oh Kgr} {g;h}'

Int1,n 90,n Kry, 0 9n.n

Proof. A very simple manipulation of the expressions in the iteration (4), noticing that
Un,, = FEM(gy,), shows that this one is equivalent to:

Then

gon = gs
ggjh := VrBEM(gr)
forn>0 (8)
g§+1,h = goz,h - ]hEKZFg};,h
ngL+1,h = gg,h - VFBEM(’YFFEM(QE,h))-
The result is then a straightforward consequence of the notations and of the fact that
both Lj, and N}, are projections onto the respective discrete spaces X} and X;”. 0O

This result shows that this is the Jacobi method for the equations (compare to (7))

I K fir _ g[?,h
h = or | (9)

Kyy 1 In 9o,n
Notice that the operator Ay, is defined in the whole continuous space. However, when the
right-hand side belongs to the discrete space (as in (9)), both the solution and all the

iterations are in the discrete space. Therefore, the whole of the iterative process happens
in a finite-dimensional setting.



4 Convergence of the iterative process
Hypothesis 1 As h — 0, we assume that

inf ¢ = ¢l 1or =0, Ve HVAT). (10)

(S h

Since Vr is strongly elliptic, this hypothesis is equivalent to convergence of the bound-
ary element discretization. When A — 0 we are implicitly assuming that the triangulation
becomes finer. Therefore

ian |lu —unllio — 0, Yu € H(Q). (11)

uhEPh

As a general notation we will write for a family of operators =, converging pointwise to
= (i.e., Zpg — Zg for all g),
— bt -

=

—_

The arrow notation =, — = denotes norm convergence.

Proposition 5 If Hypothesis 1 holds, for the families L, : HY*(T) — HY?*(T) and
Ny : HY2(X) — HY2(X) we have the convergences:

L2 NP

Proof. The first one is an immediate consequence of the approximation property (10).
Notice also that (11) implies

inf_|lg—gnllijps —0,  Vge HE), (12)
gheEX;
which is equivalent to the second property. 0

Proposition 6 As a class of operators from H'Y/?(X) — HY(Q) we have

(Rn — RN, 0.

Proof. Denoting My, : H'(X) — X to the orthogonal projection onto X;-

|(R— Ry)Nngllhig < |[(R— Rp)Np(I — My)glliq + [[(R — Ry) NuMygl1,q
< Cllg— Mugllijos + (R — Ri)Mugllio
< '(llg = Maglhis + 2 gls).

for all g € H'(X) (see Proposition 20). The first addendum converges to zero, since we
are dealing with finite elements on the boundary with a refining set of grids. The density
of H'(X) in HY?(X) proves the result. 0

Theorem 7 If Hypothesis 1 holds, as h — 0 we have the following convergences:

8



(a) K¢y — Kxr,
(b) K, By Kry,

t
(c) K 2=
(d) K{gKl — KrsKsr.

Proof. We first remark that Kyp — K& = (I — I7)Ksr = (I — I}))y=SrVi ' Then (a) is
a simple consequence of Proposition 24.
To prove (b), we first decompose

Krs — Ky, = Krs(I — N;,) + (I — Ly) Krs Ny, + Lyyr (R — Ry,)Ny,. (13)

By Proposition 5, we have that Krs (I — Ny) p—t> 0. The compactness of Kry and Propo-
sition 5 prove that (I — Lp)Krs N, — 0 (see [11] Theorem 10.7). For the pointwise
convergence of the third term in (13) we simply apply Proposition 6 and the uniform
boundedness of L.
Convergence (c) is an obvious consequence of (a) and (b). Finally, to prove (d), we
write
Krs Ksr — K Ky = Ken(Kse — Kyp) + (Krs — i) K. (14)

It is clear that the first addendum converges to zero by (a). It is easy to prove that
Kb . HY2(T) — HY(X) is uniformly bounded (see Proposition 24). The family {KZ4.}
is therefore collectively compact (see [11] Chapter 10). Then (b) and the collective com-
pactness of this family ensure (see [11] Theorem 10.7) uniform convergence of the second
term in (14). 0

Corollary 8 If Vi is elliptic, p(K) < 1 and Hypothesis 1 holds, then for h small enough,
p(KTs Kdr) < po < 1.

1

Proof. ITn H'Y*(T') we consider the equivalent norm (V- -)¥/2 and the corresponding

operator norm ||| - |||

V—IB B 1/2
Bl =  sup r DB9B9)

- (15)
0#£gcH=1/2(T") <VF 1gag>1/2

in the set of bounded linear maps from H'/2(I") into itself, equivalent to the common one.
Taking the logical definitions for Vs and Vi, which is the transposed of Vs, we have that
VF_IKFZKZF = VF_IVFZVZ_IVEFVF_I is compact and selfadjoint in this new inner product
(see [3] Theorem 3.2, for the necessary adjustments if V5 is not inversible). Therefore it
follows that

p(KrsKsr) = ||| KreKsrl|| < 1.

Hence
p(KPsKfr) < |[|KPsKpl|| < || KrsKsrl|| + ||| Kls K& — KrsKsrl||] — |[|KrsKsrl||.

O



Theorem 9 If Vi is elliptic, p(K) < 1 and Hypothesis 1 holds, then A, is inversible
for h small enough and the iterative process converges with h—independent velocity of
convergence.

Proof. As a consequence of the preceding result, for h small enough
p(Kn)? = p(Kis K3p) < po < 1.

This inequality proves the result. 0

Theorem 10 If Vi is elliptic, p(K) < 1 and Hypothesis 1 holds, then the inverse of Ay,
15 uniformly bounded for h small enough.

Proof. We consider in H'/?(T") the non-standard norm (Vg ' -, - )1/2 defined in the proof
of Corollary 8, and the associated operator norm (15). Since ||| K K2:||] < 7 < 1, with
7 independent of h, it is clear that

(K5 Krs) | < 1Kol (K s Kap) YT K|l < Cll| Kpe B[V < O

Taking N large enough we obtain ||| < 7/ < 1, which implies the result. O

5 Overlapped finite and boundary elements

Our next step is to show that Theorem 10 can be proven without assuming that p(K) < 1,
but only inversibility of Vr, i.e. of A. This can be accomplished by assuming an additional
approximation property for S;. The effect on the analysis will be the fact that we will
be able to consider the discrete method (9) as an approximation scheme in itself, not
only as the limit of the Schwarz method. This method is then the overlapping of a finite
element and a boundary element discretization. Since the restriction of A, to X x X}
has images on this same space, in practice the equations (9) can be understood in this
discrete space. Therefore N, is never used in implementation. Besides, we can always
revert to the equivalent formulation (5).
The following hypothesis implies Hypothesis 1.

Hypothesis 2 There ezists a such that a(h) — 0 as h — 0 and

inf [[¢ — ¢ull-1/2r < @) ¥llor, Vo € H(T).

heh

Proposition 11 If Hypothesis 2 holds, then there exists 5 such that f(h) — 0 as h — 0
and

1Zof = fllox < B fllyer, — Vf e HYAD).

10



Proof. Let ¢ := Vi f and ¢, = Vi 'Ly f. Then ||[Lnf — fllor < Clltb — 9p]| -1, since
Vi : HY(T') — H() is bounded (see [7]). The result is then a simple consequence of
the use of Aubin—Nitsche type estimates (see [15] Chapter 1). 0

Let N, : HY2(Z) — X7 C HY?(X) be now any projection onto X} such that it is
h—uniformly bounded and

INig — gllos < 5lglhps, Vo€ HVA(S),  lmd(h)=0.  (16)

The existence of such a projection is guaranteed by Proposition 22. Moreover, if we renew
the definition of K{,, then Propositions 4, 5, 6 and Theorem 7 still hold.

Theorem 12 If Hypothesis 2 holds then
KSFKIQJE — KEFKFg.
Hence K2 — K2.

Proof. Since by Theorem 7(a) we have that K&. — Ksr, we just have to prove that
Ksr Kk — KsrKrs. Since Kyr @ H)(T') — H'2(%) is bounded we can simply prove
that

157y = Krs)gllor < e()llgll/zz (17)
with e(h) — 0. By the definitions of the operators involved
I(BTs = Krs)gllor < (Lo = DrrRuNagllor + e (BaNy = R)gllor- (18)

For the first term we use Proposition 11 and the uniform boundedness of R), (see Propo-
sition 20)

I(Ln = Dyr BaNrgllor < B(h) v RuNagll2r < B(R)Cllgllyy2s. (19)
On the other hand, for arbitrary n € (0,1/2)

v (RuNL — R)gllor < C|[(RaNw — R)gll1/24n,0
< C(Rn — R)Ngll1j24n,0 + ClINwg — gllns (20)

where we have applied Propositions 17 and 18. By interpolation properties of Sobolev
spaces, Proposition 21 and Proposition 20 (with s = 0) we have

IRy — R)Nagllijoine < I(Bn — R)Naglly's "Il(Rin — R)Naglly'a""
< (B)*7C| Nugllyjo,z- (21)
The remaining bound follows again by interpolation of Sobolev spaces and (16)

INbg = gllox < [INkg = gllo s I1Nng = g5 < 8(R)'"C gl 2.5 (22)

Gathering (18-22) we prove (17) and thus the first result. The second one is a simple
consequence of this and Theorem 7(d). 0

11



Theorem 13 If V{l exists and Hypothesis 2 holds, then A, is inversible for h small
enough and its inverse is h—uniformly bounded.

Proof. Let B:=7 — K and B, :=Z — K. By the particular matrix form of I, it is clear
that its spectrum is symmetric with respect to the origin. Hence, B is one-to—one and by
the Fredholm alternative, B is an isomorphism. Moreover

ABr=T+K)T-Ky)=T—-K; —-T—-K*=AB

and therefore Ay, B}, is inversible for h small enough, with uniformly bounded inverse. The
family of operators Cj, := By, (A By) ! is uniformly bounded and A;C;, = Z. This implies,
by the Fredholm alternative, that Ay, is inversible and hence C, = A; . 0

6 Approximation properties

In this section we develop an asymptotic analysis of the approximation of the solution of
(7) by that of (9), valid in the hypotheses of the preceding sections. We will in fact use
that Aj, has uniformly bounded inverse (Theorems 10 and 13).

We simply recall that g3, ~ g is an initial choice, but gy, = VPBEM(gr) is the image
by Vr of the density calculated by the boundary element method for the data on I'.

If (fs, fr) solves (7), then the solution w € H'(Q) to (1) is decomposed as

w=u+ Sr1, u:= Rfs, Y= Vi fr. (23)
The discrete version of this is
wy, 2= up, + Sripp, un = Rufi,  Un=Vo
(f&, f5) being the solution of (9). Therefore, (uy, ) is the solution to (5).

Proposition 14 If g3, — gs in HY/*(X) as h — 0, then

tim (1177 = fellyas + 15 = fellyar) =0 )
and therefore
lim [[w = (un + Sren) |10 = 0. (25)

t
Proof. Notice that gg’h — gp in H'/?(T) (see Hypothesis 1). Since Ay, P A and At s

t
uniformly bounded, it follows that A; ! L A~ which proves (24). Then (25) is a simple
consequence of the boundedness of SV ! : HY2(I') — H'(Q) and of Propositions 6 and
20. O

12



Theorem 15 In the notations above,

lw—=wpl1a < Clllgs — QOZJLHUQ,E + inf ||Vilgr — ¢nll-1/2r
R ST

Q

+ inf Ju—pallio+ inf & — vl aynr + B2 ]
prEP) YrES)

Proof. Since Ry Npvysun = up, it follows readily that

lu—unlie < [lu— BuNpysullig + [BuNi(vsu — ysun)lliq
< ¢| inf lu=pulig+Ifs = fFlhes] (26)

PhEP;

where we have applied Proposition 23 and the uniform boundedness of Rj, and Nj. It is
also clear that

IS0y — Srnllie < Cllfr — fillyzr (27)
If we use the uniform boundedness of A;l and the identities
i8] - [5)-[3]eon]
A = — Do+ (K, =K
" { fr—=fF gr Jon K =19 %
_ { 95— Gon } n { (K¢ — Ksr) fr }
gr — Ligr (K5, — Krs) fx

and
(Kls — Krs)fs = (Ly, — I)(gr — fr) + Ly (BuNy — R) fs
it follows that

Ifs = filles + 1o = fallyer < C[ng — gonllijzs + llgr = Lugrllijzr
+1(1; = DveSedllijes + |1 fr — Lafrllijzr (28)
Ly (BpNp — R) fsll1j2r |-

Since Ly, is a uniformly bounded projection onto X} = ViSi, we obtain

lgr = Lugr|lijor < C inf |lgr — 7412 < C7 inf Vi tgr — Upl| -1 /2,0
rhEX) YrES),

h

The fourth term in (28) is bounded similarly. For the third term we apply Proposition
24 and for the fifth one, the uniform boundedness of L, and Proposition 23. Gathering
these bounds, (26), (27) and (28) the result follows readily. 0

Proposition 16 If the solution of (1), w, is decomposed as in (23), then for s > 1,
w € H*(Q) if and only if u € H*(Q) and Sryp € H*().

Proof. Tt is a simple consequence of the fact that u € C*°(Q) and Spip € C*(RAI).

13



Finite element error. Because of Theorem 15, we can now study the discretization
error as a sum of different effects, part of them depending on the finite element discretiza-
tion and the remaining, on the boundary elements. We now denote hg to the maximum
diameter in the triangulation. Assuming that w € H*"1(Q) and taking g%?h = Iy gs, we
obtain that

inf |lu—pullio < Ch’ég‘u|k+1,Q
phEP,?

and

lgs — arollizs < ChG|gllks1y2,5x

where the norm of ¢ in the right hand side of the last expression is taking as the sum of
the norms of each side/face of 3.

Notice that this last bound can be put in reference to the diameter of the inherited
triangulation of ¥ instead of the interior diameter h¢g. The fifth addendum of the error in
Theorem 15 uses this same quantity, because it proceeds from the boundary interpolation
error.

Boundary element error. If I' is a smooth boundary (let us assume it to be C* for
simplicity), then w € H*(Q) implies that 1 and Vi 'gr belong to H*~1/2(I"). We can
take S} to be a space of piecewise polynomials of degree k—1 (not necessarily continuous).
Hypotheses 1 and 2 are then trivially satisfied.

Then, the terms related to the boundary discretization provide an error behaving like
O(hE) (see [5, 20]). In fact, by assuming some further regularity, namely w € H**3/2(Q),
this bound can be improved by one half.

Although difficult to implement, trigonometric polynomials/spherical harmonics pro-
vide very good error bounds. If I" is composed of several disconnected smooth closed
curves/surfaces, diffeomorphic to circumferences/spheres, and we have parameterizations
of them, then we can use this kind of spectral approximation. If the data on I' satis-
fies gr € C>°(T'), then fr = gr — Krgfs € C®(I") and we can bound both error terms
by C,, N™™, being N the number of degrees of freedom on I' and m any positive inte-
ger. The bounds can be improved to give exponential order with additional analyticity
assumptions. This means that very few degrees of freedom are needed in I". For more
on spectral boundary element discretizations in two dimensions see [17] (see also [14] for
spherical harmonics in relationship with Sobolev spaces).

7 Some numerical experiments

We illustrate some of the foregoing results by means of a simple two dimensional example.
The complete domain @ is the rectangle [0, 4] x [0, 1]. The obstacles are three circles with
centers on (2,0.75), (1.25,0.4) and (2.75,0.4) and respective radii 0.12, 0.09, 0.09. Their
boundaries are denoted by I'y (k = 1,2,3). We take the Dirichlet data so that the exact
solution of (1) is

w(z,y) = (r-2)"—6y*(x —2)* +y'
+1log ((z — 2.05)* + (y — 0.7)%) +log ((z — 1.3)%) + (y — 0.42)*) .
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The decomposition (23) of w that the algorithm finds, takes u(z,y) = (v — 2)* — 6y*(z —
2)* +y.

In ) we define a uniform triangular mesh based on taking N equal partitions on the
vertical side and 4 N on the horizontal direction and continuous P; elements. Notice that
the stiffness matrix of the FEM procedure is (up to a multiplicative factor) the same as
that of the central finite difference method on the uniform grid formed by the vertices of
all triangles (see [10]). The trace on the exterior boundary gz, is that given by linear
interpolation. We profit from the simple structure of the FE problem and from the values
of N that will be chosen to use a FFT technique to solve the corresponding linear systems
(see [13] Chapter 4).

The single layer potential is taken in a parameterized form. Let y(t) := (¢, c}) +
i (cos 27t, sin 27t), (ck, c¥) denoting the center of 'y and 7y its radius. We take

x) “y
3 1
> [ togls — woluste)ar
k=10

as solution of the exterior problem, with densities 1 to be determined.

The BEM procedure we consider here is a non—conforming Petrov—Galerkin delta—
delta method, which does not fit in the hypotheses but has the advantage of its great
simplicity. The method appears as a quadrature method in [16] and is also derived in a
very different setting in [4]. We take M equally spaced points on the interval used for
parameterization of each curve: t; :=ih (i =1,..., M, h:= 1/M) and also the displaced
grid s; := (i + 1/6) h. With right hand side function g : I'y UT, UT's — R we have to
solve a 3M x 3M system given by the equations:

3 M
>N loglye(si) = et ey = g(ve(s),  £=1....3;i=1,... M

k=1 j=1
The corresponding potential is then
3 M

D> loglw = yi(ty)| i,

k=1 j=1

which has singularities on the points v, (t;) € I'y. These singularities provoke a lose in the
order of convergence when we approach the curves, but do not affect convergence away
from the obstacles.

In Figure 2 we show the contour lines of the interior solution u, the exterior solution
Srv and their sum, computed with N = 32 and M = 40.

For different values of N and M, we apply the Jacobi-Scwharz iteration (4) and also
GMRES to the equivalent system (5). Convergence of the exact Schwarz iteration is
ensured by [3] Proposition 3.3. The stopping criterion for both iterations is based on
the relative error of the residual. Table 1 shows the number of Schwarz and GMRES
iterations. Notice that the number of iterations is independent of N and M. The spectral
radius of IC; is approximately 0.66. Table 1 also shows the maximum error of the full
solution on nodes placed on 2 and also the maximum nodal error in nodes such that
their distance with the interior boundaries is bigger than 0.25, where clearly the attained
convergence order is 2.
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Figure 2: Interior, exterior and full solution of the problem

N | M | # Schwarz it. | # GMRES it. | Nodal error | Nodal error away from I’
8 | 10 25 10 2.80E-1 1.44E-2
16 | 20 25 10 8.39E-2 3.96E-3
32 | 40 25 10 2.83E-2 1.03E-3
64 | 80 25 10 3.76E-3 2.63E4

Table 1: Number of iterations and errors

8 Appendix

In this section we gather some results which are of use in the preceding work and state
them in the precise form that is needed. The domain () considered here has a polyg-
onal /polyhedral boundary ¥ (@ may not be simply connected) and the corresponding
harmonic lifting is denoted by R (see (6)). At the discrete level, we consider the finite
element space P}? of Lagrangian simplices of degree k, its trace X = ’)/2P}? and the
discrete harmonic lifting Rj, (see (3)).

Proposition 17 ([7, 12]) The trace operator s : H*TY/2(Q) — H*(X) is well defined
and bounded for all s € (0,1).

Obviously, this result also holds for the interior trace on I'.

Proposition 18 ([7, 12]) The harmonic lifting R : H*(X) — H*T/2(Q) is well defined
and bounded for all s € [0, 1].

The following result refers to the Scott—Zhang projection onto finite element spaces.
The exact definition of this operator is immaterial for our needs; only some of its properties
are used.

16



Proposition 19 ([18]) There exists a linear projection I, : HY(Q) — P? such that:
(a) Tu € HY(Q) for all u € HQ).
(b) For all0 <s<1<t<d+1, there exists a constant C' independent of h such that
I — ulloq < CHlulg,  Yu € HY(Q).
Proposition 20 For all s € [0,1/2], there exists C' independent of h such that
Rgn — Rugnllio < Ch°|lgnllijoss, Vg, € X

Proof. Since Rgp, — Rngn, € HL(Q) and 1, is a projection, I, Rg, — Rugn € Ha(Q) N P,?
and thus

| v RV Ba = [ SR Rg V- 1R)
< [(R=Ru)gnliol(R—=1R)gnho-  (29)
On the other hand, by the preceding results, for all s € [0,1/2] it holds
|Rgn — TnRgnll1qg < CP°||Rgnlliisq < C'R°lgnllij2rss (30)

for all g, € X;°. The result then follows from (29, 30) and the Poincaré inequality.

Proposition 21 There exists a function v such that y(h) — 0 as h — 0 and

| Rgn — Rugnllog < (M) llgnllijzx, Vg, € X,

Proof. The quantity we want to estimate can be written

1
|Rgn — Rugnllog = sup  ——— / (Rgn — Rugn) ¢. (31)
0£0c2(Q) |1 Plloe Jo

For a given ¢ € L*(Q), we take the unique w € H}(Q) such that Aw = ¢. With the
regularity assumed for the boundary we can estimate (see [9])

[wllz/2.0 < Clidllog (32)
with C' independent of ¢. Since IT,w € HE(Q) N P& it follows that

/(Rgh — Rygn) Aw = / V(Rgn — Rugn) - Vw
Q Q

= / V(Rgn — Bugn) - V(w — Iyw)
Q
< [[Rgn — Brgnll1qllw — w1
< CR'2|gnllellwllse
by Propositions 19 and 20. This inequality, (31) and (32) prove the result. 0

The bound (32) is not optimal in the sense that some higher norm of w can be
estimated. This would allow for some better value for the function y(h), which is however
irrelevant for our purposes.
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Proposition 22 The operator Ny, := vl R satisfies:
(a) N? = Nj.
(b) There exists C' independent of h such that
INkgllij2z < Cliglhies, Vg€ HYA(E).

(c) There exists a function ¢ such that 6(h) — 0 as h — 0 and
INkg = gllos < 5(M)gllijzm: Vg € HYA(S).

Proof. Both (a) and (b) are straightforward, using Proposition 19 with s =t = 1 for this
last. By Propositions 17 and 19, it follows that for all € € (0,1/2]

INkg = gllos: = l7= (I — D Rgllox < CRY27||Rgllo < C'hY* || g]l12x
for all g € HY2(%). O
Proposition 23 Let N, : HY?(X) — X, satisfy properties (a) and (b) of Proposition
22. Then, there exists C' independent of h such that for all u € HY(Q) with Au =0 in Q,

|lu — RyNpysullig < C inf |ju — ppll1,q-
phEP,?

Proof. We first prove the result for the particular choice N, = ysll,R. Let then v, :=
Ru(v=1IR)ysu = RyysIlpu and notice that ysv, = ysIl,u and that hence

/QVvh -V(pu —v,) =0= /QVu - V(pu — vp). (33)

By (33) and the Poincaré inequality, it follows that
lu = vnllro < llu = Haullrq + [[Hau — vall1q < Cllhu — ullq-

Proceeding in a standard way, the uniform boundedness of II;, and the fact that it is a
projection onto P,? imply

lu —Myull1,o < C" inf_[lu— pallie-
pheP?

For the general case, we decompose (taking v, as above)
lu = By Npysullug < llu = vnllig + [[Ba(yslh — Navs)ullg-

The uniform boundedness of Ry (Proposition 20) and the fact that NN, is a uniformly
bounded projection onto X;* prove then

[ Rr(velly — Nuys)ullie < Cill(vslln — Nuvs)ulliyzs
< Collys(pu — u)|lj2x < Cs|[Ihu — ul|1 -

This finishes the proof. 0
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Proposition 24 Let I : C(X) — X be the nodal Lagrange interpolation operator, let T
be a Lipschitz curve/surface not intersecting 3 and Sr the associated single layer potential
(2). Then for all s € [0,1]

[veSrY — Iy ysSrd| s < CRM 5|10 21 jar, Vi) € H'V2(I). (34)

Proof. We consider the decomposition of the boundary ¥ = U,Y, in the set of its sides
(faces in three dimensions) and the product space

H =[] H (20
l

endowed with its natural norm. It follows from standard Lagrange interpolation theory
that
lg = Tigllse < CH"llgllwe, Vg € H'NC(Y) (35)

for 0 < s <1, (d—1)/2 <t < k+ 1. From classical theory of surface potentials,
we know that that yxSp : H~'/2(I') — H* is bounded, the image elements satisfying in
fact all available compatibility conditions in corners, vertices, etc. The result is then a
straightforward consequence of (35). O
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