
0

“garcia de galdeano”

garcía de galdeano

seminario
matemático

n.  39

PRE-PUBLICACIONES del
seminario matematico 2001

R. Celorrio
V. Domínguez
F. J. Sayas



An interior–exterior Schwarz algorithm

and its convergence

Ricardo Celorrioa, V́ıctor Domı́nguezb, & Francisco–Javier

Sayasc
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b Dep. Matemática e Informática, Universidad Pública de Navarra, Campus de Arrosad́ıa,
31006, Pamplona, Spain
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Abstract

In this work we study the solution of Laplace’s equation in a domain with holes
by an iteration consisting of splitting the problem in an exterior one, around the
holes, plus an interior problem in the unholed domain. We show the existence of a
decomposition of the solution when the exterior problem is represented by means
of a single–layer protential. Also, for the three–dimensional case and with some
adjustments for the two–dimensional case, we prove convergence of the method by
writing the iteration as a Jacobi iteration for an operator equation and studying the
spectrum of the iteration operator.

1 Introduction

This work is concerned with the definition and proof of convergence of an iterative method
(in the spirit of Schwarz algorithms [2]) for domains with interior holes. The basic idea con-
sists of decoupling the solution as the sum of an interior solution (for the domain without
the obstacles) plus an exterior one (radiating from the obstacles). As such, this method
participates of the ideas of multiple scattering techniques, widely employed in physical
sciences. Moreover, if we consider solving the interior problem with finite elements and the
exterior one with boundary elements, we also see its relation with Chimera–type methods.

Consider a bounded domain Q ⊂ Rd (d = 2 or 3), with Lipschitz boundary Σ and
strictly containing another domain D, whose Lipschitz boundary is denoted by Γ (all
what follows can be straightforwardly extended to non–connected D; we can also include
simple cracks as interior obstacles). The corresponding annular domain –interior to Σ
and exterior to Γ– is denoted Ω. We consider the following problem in H1(Ω)

∆w = 0, in Ω, γΣw = gΣ, γΓw = gΓ

for given gΣ ∈ H1/2(Σ), gΓ ∈ H1/2(Γ), being γΣ and γΓ the trace operators. To solve this
problem we propose a Schwarz algorithm, solving in parallel interior problems in Q and
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exterior problems around Γ with a single–layer potential ansatz in this last case. Let us
consider the single–layer potential (cf.[1])

SΓψ :=

∫
Γ

Φ( · , y)ψ(y)dσy : Rd → R

where Φ(x, y) := 1/|x − y| in three–dimensions and Φ(x, y) := − log |x − y| in two. The
iterative method we propose is as follows: take starting values g1

Γ := gΓ and g1
Σ = gΣ; for

n ≥ 1, solve ∣∣∣∣ ∆un = 0, in Q,
γΣun = gn

Σ

∣∣∣∣ vn := SΓψn, ψn ∈ H−1/2(Γ)
γΓSΓψn = gn

Γ

and interchange
gn+1
Σ := gΣ − γΣvn, gn+1

Γ := gΓ − γΓun.

The sequence un + vn, restricted to Ω will be taken as an approximation of w.
We will show the convergence of this method in three dimensions and some hypotheses

and/or modifications guaranteeing convergence in two dimensions.
Let VΓ := γΓSΓ : H−1/2(Γ) → H1/2(Γ) be the single–layer operator. We recall (cf.

[3]) that in two dimensions, there is a unique solution (θΓ, µΓ) ∈ H−1/2(Γ) × R of the
equation VΓθΓ − µΓ = 0 under the restriction JΓθΓ := 〈θΓ, 1Γ〉 = 1 (1Γ is the unit
constant function on Γ and 〈 · , · 〉 is the H−1/2(Γ) ×H1/2(Γ) duality product): θΓ is the
equilibrium distribution and µΓ si the Robin constant; the quantity CΓ := exp(−µΓ) is
called the logarithmic capacity of Γ.

2 Decomposition theorem

and convergence of the method

Let L◦ := {u ∈ H1(◦) |∆u = 0} (◦ ∈ {Q,Ω}) and PΓ := {SΓψ |ψ ∈ H−1/2(Γ)}.
We define the operators KΣΓ := γΣSΓV

−1
Γ : H1/2(Γ) → H1/2(Σ) and KΓΣ : H1/2(Σ) →

H1/2(Γ) defined by KΓΣg = γΓu, where u ∈ LQ satisfies γΣu = g. We finally consider the
operators A and K:

A := I +K :=

[
I KΣΓ

KΓΣ I

]
: H1/2(Σ)×H1/2(Γ) → H1/2(Σ)×H1/2(Γ).

Theorem 1 Under the assumption that CΓ 6= 1 in two dimensions, and considering the
elements of LQ and PΓ restricted to Ω we have that LΩ = LQ ⊕ PΓ.

Proof. It is clear that LQ +PΓ ⊂ LΩ. The fact that LQ ∩ PΓ = 0 follows from the jumps
of the normal derivatives across Γ of the elements of PΓ.

Since KΣΓ and KΓΣ are compact, A is Fredholm of index zero. Besides, it is injective
by the same argument given to show the zero intersection of both sets. Moreover, given
w ∈ LΩ, the separate Dirichlet data (hΣ, hΓ) := A−1(γΣw, γΓw) determine the elements
of the desired decomposition.
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The iterative method corresponds to the Jacobi iteration (also to the Neumann series
iteration) for the problem (I +K)(hΣ, hΓ) = (gΣ, gΓ) where hΣ and hΓ are the respective
traces of the unique decomposition w = u + v ∈ LQ ⊕ PΓ. Therefore, convergence is
restricted to when the spectral radius of K is less than one. We will denote σ(K) to the
spectrum of K.

Consider the operators VΣ := γΣSΣ (with the obvious definition for SΣ), VΣΓ := γΣSΓ :
H−1/2(Γ) → H1/2(Σ), its adjoint VΓΣ := γΓSΣ and the selfadjoint operator

V :=

[
VΣ VΣΓ

VΓΣ VΓ

]
: H−1/2(Σ)×H−1/2(Γ) → H1/2(Σ)×H1/2(Γ).

Theorem 2 Assuming that in two dimensions CΣ < 1 (and without additional hypotheses
in three dimensions), σ(K) is a discrete set of real values in the interval (−1, 1), converging
to zero and symmetric with respect to the origin.

Proof. Since K is compact, all non–zero values in the spectrum of K are eigenvalues.
Elementary linear algebra shows that eigenvalues of K are the square roots (real and
complex) of those of KΓΣKΣΓ : H1/2(Γ) → H1/2(Γ).

The hypotheses imply that V is elliptic. Moreover, since KΓΣKΣΓ = VΓΣV
−1
Σ VΣΓV

−1
Γ ,

eigenvalues ofKΓΣKΣΓ are solutions of the generalized eigenvalue problem VΓΣV
−1
Σ VΣΓψ =

λVΓψ. They are, therefore, strictly positive and since VΓ−VΓΣV
−1
Σ VΣΓ is positive definite

(because of the ellipticity of V), they are less than one, which proves the result.

The symmetry of the spectrum of K proves also that no gain is obtained by relaxing
the Jacobi iteration. It is also straightforward that convergence of a related Gauss–Seidel
iteration depends on the spectral radius of KΓΣKΣΓ and is therefore equivalent to that of
the Jacobi method.

3 The two–dimensional case

In case CΣ > 1, there are two practical ways of dealing with the problem in a way
that leads to a convergent situation: (a) rescaling the space variables to decrease the
logarithmic capacity; (b) changing the fundamental solution as follows. We consider
Φε(x, y) := − log |x− y|+ ε. If we use the modified potentials (cf.[1]) Sε

Γψ = SΓψ+ εJΓψ,
with ε > −µΣ, the whole of the proofs above can be shown to hold.

However, we are going to further investigate the behaviour of the spectrum of K
when CΣ > 1 (we are hence still using the original fundamental solution for the single–
layer potentials). To do that we introduce the operators V ε

Γ := VΓ + εJΓ( · )1Γ, V ε
Σ :=

VΣ + εJΣ( · )1Σ, V ε
ΣΓ := VΣΓ + εJΓ( · )1Σ and V ε

ΓΣ defined likewise. We will only consider
values of ε > −µΣ, so that the related operator Vε is elliptic. Again, we only have to
study the eigenvalues of KΓΣKΣΓ.

A great deal of the analysis to come hinges on the following technical result, which
gives conditions on the existence of negative eigenvalues of rank one definite negative
perturbations of definite positive operators.
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Lemma 3 Let V ⊂ H ⊂ V ′ be a triad of Hilbert spaces with dense compact injections.
Let A : V ′ → V be bounded, selfadjoint and positive definite and consider a ∈ V . Then,
the operator A− 〈 · , a〉 a : V ′ → V has at most a single negative eigenvalue with a single
associated eigenfunction. Furthermore, if A is elliptic, the operator is positive definite if
and only if 〈A−1a, a〉 < 1.

Proof. We restrict ourselves to the case of A elliptic. We are interested in non–trivial
solutions to (A+ λI)φ = 〈φ, a〉 a for λ ≥ 0. Denoting equally A to the restriction of A to
the subspace V ⊂ V ′ (as such A is compact), it is clear that for all λ > 0, A+λI : V → V
is an injective Fredholm operator of index zero and therefore has a bounded inverse. Then
φ = 〈φ, a〉(A+λI)−1a and hence 〈φ, a〉 6= 0 and eigenfunction spaces are one–dimensional.
Moreover, the problem has a nontrivial solution if and only if f(λ) := 〈(A+λI)−1a, a〉 = 1.
This is also valid for λ = 0.

The function f : [0,∞) → R is positive, continuous on [0,∞), converges to zero as
λ → ∞ and is strictly decreasing since f ′(λ) < 0 for all λ > 0. Then f(λ) = 1 has a
(single) root if and only if f(0) ≥ 1 and has no roots otherwise.

In case A is simply positive definite, the proof is essentially valid, but for the fact that
f is continuous on (0,∞).

Theorem 4 The eigenvalues of KΓΣKΣΓ lie in the interval (−∞, 1). Moreover, there is
at most a single negative eigenvalue and σ(KΓΣKΣΓ) ⊂ (−1, 1) if and only if the function
g(ε) := ε〈(KΓΣV

ε
ΣΓ + VΓ)−11Γ, 1Γ〉 is less than one for some ε > −µΣ.

Proof. As before, the problem of studying the spectrum of KΓΣKΣΓ is equivalent to
studying solutions of KΓΣKΣΓVΓψ = λVΓψ. We remark that by its definition, it can be
easily seen that KΓΣ1Σ = 1Γ. Moreover, for all ε 6= −µΣ, KΓΣ = V ε

ΓΣ(V ε
Σ)−1. Then

KΓΣKΣΓVΓ = V ε
ΓΣ(V ε

Σ)−1VΣΓ = V ε
ΓΣ(V ε

Σ)−1V ε
ΣΓ − εJΓ( · )1Γ = V ε

ΓΣ(V ε
Σ)−1V ε

ΣΓ − V ε
Γ + VΓ,

and therefore the eigenvalues are real; since V ε
Γ − V ε

ΓΣ(V ε
Σ)−1V ε

ΣΓ is positive definite, they
are less than one. By taking A := V ε

ΓΣ(V ε
Σ)−1V ε

ΣΓ and a := ε1/21Γ in Lemma 3, we see that
there is at most a negative eigenvalue. Showing that this eigenvalue is greater than −1 is
equivalent to showing that KΓΣKΣΓVΓ + VΓ is positive definite and this is accomplished
by taking A := V ε

ΓΣ(V ε
Σ)−1V ε

ΣΓ +VΓ and a as before in Lemma 3, which gives the necessary
and sufficient condition for this.

Condition g(ε) < 1 for some ε > −µΣ is not easy to verify. By differentiating in its
definition, it can be seen that g′(ε) = g(ε)(1 − g(ε))/ε. The solutions to this differential
equation are g(ε) ≡ 0 and the uniparametric family ε/(ε − C) for arbitrary C ∈ R. It
is clear that the constant C depends on Γ and Σ, and that the sign of g(ε) − 1 remains
unchanged, so the condition holds or does not hold for all ε in the interval considered.

Proposition 5 If CΓCΣ < 1, σ(KΓΣKΣΓ) ⊂ (−1, 1).

Proof. Notice that we have to prove that the operator KΓΣKΣΓVΓ +VΓ = V ε
ΓΣ(V ε

Σ)−1V ε
ΣΓ +

VΓ − εJΓ( · )1Γ is positive definite.
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Applying Lemma 3 to VΓ − εJΓ( · )1Γ, it is clear that this operator is positive definite
if and only if 1 > ε〈V −1

Γ 1Γ, 1Γ〉 = ε/µΓ. Therefore, if there exists ε > −µΣ such that
ε/µΓ < 1, then we have positive–definiteness of VΓ − εJΓ( · )1Γ and hence of our original
operator. This fact is possible when µΣ + µΓ > 1, which is equivalent to CΓCΣ < 1.

In the simple case of two concentric circles of radii r < R, the function g(ε) can
be computed exactly: g(ε) = ε/(ε − log(r R)). Therefore σ(KΓΣKΣΓ) ⊂ (−1, 1) if and
only if r R < 1 (recall that the logarithmic capacity of a circle is its radius. Numerical
experiments show that the constant C in the general expression g(λ) = ε/(ε−C) depends
strongly not only on the sizes of the boundaries but on their relative positions.
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