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Abstract

In this work we study the solution of Laplace’s equation in a domain with holes
by an iteration consisting of splitting the problem in an exterior one, around the
holes, plus an interior problem in the unholed domain. We show the existence of a
decomposition of the solution when the exterior problem is represented by means
of a single-layer protential. Also, for the three—dimensional case and with some
adjustments for the two—dimensional case, we prove convergence of the method by
writing the iteration as a Jacobi iteration for an operator equation and studying the
spectrum of the iteration operator.

1 Introduction

This work is concerned with the definition and proof of convergence of an iterative method
(in the spirit of Schwarz algorithms [2]) for domains with interior holes. The basic idea con-
sists of decoupling the solution as the sum of an interior solution (for the domain without
the obstacles) plus an exterior one (radiating from the obstacles). As such, this method
participates of the ideas of multiple scattering techniques, widely employed in physical
sciences. Moreover, if we consider solving the interior problem with finite elements and the
exterior one with boundary elements, we also see its relation with Chimera—type methods.

Consider a bounded domain Q@ C R? (d = 2 or 3), with Lipschitz boundary ¥ and
strictly containing another domain D, whose Lipschitz boundary is denoted by T' (all
what follows can be straightforwardly extended to non—connected D; we can also include
simple cracks as interior obstacles). The corresponding annular domain —interior to X
and exterior to I'- is denoted Q. We consider the following problem in H'(£2)

Aw = 07 in Q) =W = gx, Tw = gr

for given gs € HY?(X), gr € H*(T'), being 5 and yp the trace operators. To solve this
problem we propose a Schwarz algorithm, solving in parallel interior problems in ) and



exterior problems around I' with a single-layer potential ansatz in this last case. Let us
consider the single-layer potential (cf.[1])

Srip = /Fq)(-,y)lﬁ(y)day R =R

where ®(z,y) := 1/|x — y| in three-dimensions and ®(z,y) := —log |z — y| in two. The
iterative method we propose is as follows: take starting values gi := gr and g4 = gs; for
n > 1, solve

Aun = 07 in Qa Up = SFwn7 ¢n S Hﬁl/Z(F)
Teln = g S, = gt
and interchange
G = ge — ysvn, 9ET = gr — rUn.

The sequence u,, + v,, restricted to €2 will be taken as an approximation of w.

We will show the convergence of this method in three dimensions and some hypotheses
and/or modifications guaranteeing convergence in two dimensions.

Let V& := yrSr : HY3(T) — HY2(T') be the single-layer operator. We recall (cf.
[3]) that in two dimensions, there is a unique solution (fp,ur) € H~'/?(T') x R of the
equation Vrfr — pur = 0 under the restriction Jrfr := (0r,1r) = 1 (1 is the unit
constant function on I'" and (-, -) is the H=V2(I") x H'/?(T") duality product): 6 is the
equilibrium distribution and pr si the Robin constant; the quantity Cr := exp(—pur) is
called the logarithmic capacity of I'.

2 Decomposition theorem
and convergence of the method

Let £, :={u € H' (o) | Au =0} (0 € {Q,Q}) and Pr := {Sre) |¢p € HV*(I")}.

We define the operators Ky = yxSrVy ' : HY3(T') — HY2(X) and Ky : HY2(3) —
H'Y2(T) defined by Krsg = yru, where u € L satisfies ygu = g. We finally consider the
operators A and :

I Kyr

A::I—i—IC::[KFE 7

] c HY2(2) x HYA() — HY2(2) x HY4(I).

Theorem 1 Under the assumption that Cr # 1 in two dimensions, and considering the
elements of Lo and Pr restricted to £ we have that Lo = Lo @ Pr.

Proof. 1t is clear that Lo + Pr C Lg. The fact that Lo N Pr = 0 follows from the jumps
of the normal derivatives across I' of the elements of Pr.

Since Kyr and Kry, are compact, A is Fredholm of index zero. Besides, it is injective
by the same argument given to show the zero intersection of both sets. Moreover, given
w € Lgq, the separate Dirichlet data (hyg, hr) := A~ (ysw, yrw) determine the elements
of the desired decomposition. 0



The iterative method corresponds to the Jacobi iteration (also to the Neumann series
iteration) for the problem (Z + K)(hyx, hr) = (g=, gr) where hy and hr are the respective
traces of the unique decomposition w = u +v € Lo @ Pr. Therefore, convergence is
restricted to when the spectral radius of K is less than one. We will denote o(K) to the
spectrum of /C.

Consider the operators Vs := 75Ss, (with the obvious definition for Sy), Vsr := ysSr :
H=Y2(') — HY2(Y), its adjoint Vpy := 4rSy and the selfadjoint operator

v | V2Vl gy g2y o HI2(S) x HY2(D.
Vs W

Theorem 2 Assuming that in two dimensions Cyx, < 1 (and without additional hypotheses

in three dimensions), o(K) is a discrete set of real values in the interval (—1,1), converging

to zero and symmetric with respect to the origin.

Proof. Since K is compact, all non—zero values in the spectrum of I are eigenvalues.
Elementary linear algebra shows that eigenvalues of I are the square roots (real and
complex) of those of KrsKyp : HY/2(T') — HY2(I).

The hypotheses imply that V is elliptic. Moreover, since Ky Ksr = VFEVE_IVEFVF_I,
eigenvalues of Krs Kxr are solutions of the generalized eigenvalue problem Vs VglVgp@b =
AVrp. They are, therefore, strictly positive and since Vi — VF2VZ_1VEF is positive definite
(because of the ellipticity of V), they are less than one, which proves the result. 0O

The symmetry of the spectrum of I proves also that no gain is obtained by relaxing
the Jacobi iteration. It is also straightforward that convergence of a related Gauss—Seidel
iteration depends on the spectral radius of Kryx Kxr and is therefore equivalent to that of
the Jacobi method.

3 The two—dimensional case

In case Cy > 1, there are two practical ways of dealing with the problem in a way
that leads to a convergent situation: (a) rescaling the space variables to decrease the
logarithmic capacity; (b) changing the fundamental solution as follows. We consider
O (z,y) := —log |z —y|+e. If we use the modified potentials (cf.[1]) Sfip = Srvp + eI,
with € > —puy, the whole of the proofs above can be shown to hold.

However, we are going to further investigate the behaviour of the spectrum of K
when Cy, > 1 (we are hence still using the original fundamental solution for the single—
layer potentials). To do that we introduce the operators V§ := Vp + eJr(- )1, V5 =
Ve +eTs(- )1y, V& = Var + eJr( - )1x and V5 defined likewise. We will only consider
values of ¢ > —uy, so that the related operator V¢ is elliptic. Again, we only have to
study the eigenvalues of Ky Ksr.

A great deal of the analysis to come hinges on the following technical result, which
gives conditions on the existence of negative eigenvalues of rank one definite negative
perturbations of definite positive operators.



Lemma 3 Let V C H C V' be a triad of Hilbert spaces with dense compact injections.
Let A : V' =V be bounded, selfadjoint and positive definite and consider a € V. Then,
the operator A — (-, a)a : V' — V has at most a single negative eigenvalue with a single
associated eigenfunction. Furthermore, if A is elliptic, the operator is positive definite if
and only if (A7 a,a) < 1.

Proof. We restrict ourselves to the case of A elliptic. We are interested in non—trivial
solutions to (A+ Al )¢ = (¢, a) a for A > 0. Denoting equally A to the restriction of A to
the subspace V' C V' (as such A is compact), it is clear that for all A > 0, A+ A : V — V
is an injective Fredholm operator of index zero and therefore has a bounded inverse. Then
¢ = (¢,a)(A+AI)"'a and hence (¢, a) # 0 and eigenfunction spaces are one-dimensional.
Moreover, the problem has a nontrivial solution if and only if f(\) := ((A+A)"ta,a) = 1.
This is also valid for A = 0.

The function f : [0,00) — R is positive, continuous on [0,00), converges to zero as
A — oo and is strictly decreasing since f'(A) < 0 for all A > 0. Then f(A\) = 1 has a
(single) root if and only if f(0) > 1 and has no roots otherwise.

In case A is simply positive definite, the proof is essentially valid, but for the fact that
f is continuous on (0, 00). 0

Theorem 4 The eigenvalues of KrsKyr lie in the interval (—oo,1). Moreover, there is
at most a single negative eigenvalue and o(KrsKysr) C (—1,1) if and only if the function
g(e) := e((KrsVir + V)M, 1) is less than one for some & > —ps.

Proof. As before, the problem of studying the spectrum of KryKysr is equivalent to
studying solutions of Kry KsrVry = AVry. We remark that by its definition, it can be
easily seen that Krxls = 1p. Moreover, for all € # —puys, Kry = Vi (V) ™!, Then

KrsKsrVp = Vi (VE) Wer = Vig (V) 'WVar — eJr (- )1r = Vi (VE) ' Var — Vi + W,

and therefore the eigenvalues are real; since VF — V& (V) 1V is positive definite, they
are less than one. By taking A := Vi&,(V5) 'V and @ := €'/21p in Lemma 3, we see that
there is at most a negative eigenvalue. Showing that this eigenvalue is greater than —1 is
equivalent to showing that KrsKsrVr + Vi is positive definite and this is accomplished
by taking A := V& (V) V& + Vr and a as before in Lemma 3, which gives the necessary
and sufficient condition for this. 0

Condition g(e) < 1 for some € > —puyx is not easy to verify. By differentiating in its
definition, it can be seen that ¢'(¢) = g(¢)(1 — g(g))/e. The solutions to this differential
equation are g(¢) = 0 and the uniparametric family ¢/(e — C) for arbitrary C' € R. It
is clear that the constant C' depends on I' and ¥, and that the sign of g(¢) — 1 remains
unchanged, so the condition holds or does not hold for all € in the interval considered.

Proposition 5 If CrCs, < 1, o(KrsKsr) C (—1,1).

Proof. Notice that we have to prove that the operator Krs Ksr Vi + Vr = Vi (V) VR +
Vi — eJr(-)1r is positive definite.



Applying Lemma 3 to Vp — eJr(-)1r, it is clear that this operator is positive definite
if and only if 1 > (Vi '1p, 1r) = ¢/ur. Therefore, if there exists € > —puy such that
e/pr < 1, then we have positive—definiteness of Vi — e Jr(-)1r and hence of our original
operator. This fact is possible when ps; 4+ pr > 1, which is equivalent to CrCy, < 1.

In the simple case of two concentric circles of radii » < R, the function g(¢) can
be computed exactly: g(e) = ¢/(¢ — log(r R)). Therefore o(KrsKyr) C (—1,1) if and
only if r R < 1 (recall that the logarithmic capacity of a circle is its radius. Numerical
experiments show that the constant C' in the general expression g(\) = /(e —C') depends
strongly not only on the sizes of the boundaries but on their relative positions.
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