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Abstract.

In this paper we will discuss the problem of generation of sequences of or-
thogonal polynomials with respect to measures supported on the unit circle from
a given sequence of orthogonal polynomials using a perturbation of a cubic sieved
process. The basic tools are the Szegő forward recurrence relation as well as the
fact of the coprimality of orthogonal polynomials on the unit circle and their corres-
ponding reverse polynomials. We also give the connection between the associated
orthogonality measures. Finally, some examples of this cubic decomposition are
shown.
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1. INTRODUCTION

The role of orthogonal polynomials on the unit circle in circuit and system
theory is very well recognized. Orthogonal polynomials with respect to measures
supported on the unit circle are directly related to problems of Fourier expan-
sions, characterization of positive functions and stable polynomials, least-square
polynomial approximations, and spectral operator analysis.

A set of orthogonal polynomials on the unit circle is classically associated
with a Toeplitz matrix which has the structure of the covariance matrix of a
discrete stationary stochastic process. The properties of orthogonal polynomials
on the unit circle have been extensively used in least square estimation problems
although they appear in that context quite independently of the Szegő theory, as
a natural consequence of the pioneering work by Wiener, Kolmogorov, and Krein.
As an example, the Levinson algorithm, widely used by statisticians, is well known
to be built on the forward recurrence relation that such orthogonal polynomials
on the unit circle satisfy. The Schur-Cohn algorithm is well known to be described
from the backward recurrence relation for our orthogonal polynomials on the unit
circle.

In the real line, there exists a very important specific set of orthogonal polyno-
mials related to eigenfunctions of differential or difference operators, whose sym-
metrization factors are same very well known distributions. Beta, gamma, and
normal distributions for Jacobi, Laguerre, and Hermite polynomials, respectively,
in the continuous case. Poisson, binomial, Pascal, and hypergeometric distribu-
tions for Charlier, Kravchuk, Meixner, and Hahn polynomials, respectively, in the
discrete case.

For the unit circle there are very few explicit examples and they have not
been used very often. One of the reasons is the fact that they enter into a different
class of problems than the classical orthogonal polynomials on the real line do. In
such a sense, we have a very powerful and theoretical tools to work but we need
to realize a constructive theory in order to give an important improvement in the
analysis of their properties. In the nineties a hard work has been achieved in such
a direction taking into account some different approaches from the perturbation
of measures of orthogonality ([11]), reflection parameters ([9]) or the polynomials
themselves, ([3, 6, 7]). The aim of the present contribution is to give some new
examples, from the above point of view, related with a cubic decomposition of
sequences of orthogonal polynomials on the unit circle. We continue the work
started in [3] for the quadratic case.

The structure of this paper is the following. First we give some basic defi-
nitions and results concerning orthogonal polynomials related to hermitian linear
functionals and we state our main result. In Section 2, we include its proof. Fi-
nally, in Section 3 we give some examples and, in particular, we obtain the explicit
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expression of the C-function. Thus in a the positive definite case the absolutely
continuous component of the orthogonality measure is obtained.

Let u be a linear functional on the linear space of the Laurent polynomials
Λ = span{zk; k ∈ Z} such that if un = < u, zn >, then u−n = < u, z−n >= un,
n ∈ (N ∪ {0}).

Using this linear functional, we can introduce a bilinear form on P, the linear
space of polynomials with complex coefficients, in the following way

〈p, q〉 =
〈
u, p(z)q(z−1)

〉
, ∀p, q ∈ P.

Notice that in such a case, the shift operator is unitary with respect to the
above bilinear form, which we will assume is quasi-definite, i.e., the principal
submatrices Tn, n ∈ N, of the Gram matrix T

T =
[〈
zi, zj

〉]∞
i,j=0

are nonsingular for every n ∈ N. The infinite Gram matrix T is a Toeplitz matrix
because of the shift operator is a unitary operator with respect to the above inner
product. If the principal submatrices (Tn) are positive definite, then the linear
functional u is said to be positive definite. In such a case, there exists a unique
positive Borel measure µ supported on T such that

< u, p >=
∫
T

p(z)dµ(z).

See [2, 5].

In such conditions, there exists a sequence of monic polynomials
(
Φn

)
, such

that

(i) deg Φn = n,

(ii) 〈Φn,Φm〉 = Mnδn,m, Mn �= 0.

The sequence (Φn) defined as above is said to be a monic orthogonal poly-
nomial sequence (MOPS) with respect to the linear functional u.

Furthermore, from elementary properties of the Toeplitz matrices we
get |Φn(0)| �= 1. The values (Φn(0)) are called the reflection parameters for the
linear functional u.
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It is very well known that (Φn) satisfies a forward recurrence relation:

(1)
Φn(z) = zΦn−1(z) + Φn(0)Φ∗n−1(z), n = 1, 2, . . . ,
Φ0(z) = 1,

as well as a backward recurrence relation:

(2)
Φn(z) =

(
1− |Φn(0)|2

)
zΦn−1(z) + Φn(0)Φ∗n(z), n = 1, 2, . . . ,

Φ0(z) = 1,

which were obtained by G. Szegő, (see [13]). By means of Φ∗n(z) we denote the
reversed polynomial of Φn.

Φ∗n(z) = znΦn(z−1).

Notice that the forward recurrence relation characterizes an MOPS with res-
pect to a linear functional u (Favard’s Theorem) if and only if |Φn(0)| �= 1. (See
[5]). For a proof of the positive definite case, i.e., |Φn(0)| < 1, see [4].

We can associate with the linear functional u a formal series

F (z) := u0 + 2
∞∑
n=1

unz
n.

In the positive definite case, F is an analytic function in the unit disk and
ReF (z) ≥ 0. In the literature F is said to be a Carathéodory function or a C-
function. (See [9]).

Lemma 1 The zeros of the polynomial Φn do not lie on the unit circle .

Proof: If Φn(α) = 0 with |α| = 1, then

Φ∗n(α) = αnΦn(α) = 0.

Taking into account the backward recurrence relation, Φn−1(α) = 0 and thus,
by iteration, Φ0(α) = 0 which is a contradiction. ��

Lemma 2 The polynomials Φn and Φ∗n are relatively prime polynomials.
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Proof: See [1]. ��

As a consequence, we get:

Proposition 3 If the polynomials Φn and Φ∗n verify p(z)Φn(z) = q(z)Φ∗n(z)
where p and q are polynomials with deg p ≤ n − 1, deg q ≤ n − 1, n ≥ 2, then
p ≡ q ≡ 0.

We are interested in the following problem.

Given an MOPS (Φn) with respect to a quasi-definite linear functional u, to
find polynomials An,i, Bn,i, Cn,i, i = 1, 2, n ∈ N with degree less than or equal to
n such that the sequence (Ψn) of monic polynomials given by

(3)

Ψ3n(z) = Φn(z3) + zAn−1,1(z3) + z2An−1,2(z3), n ≥ 0

Ψ3n+1(z) = zΦn(z3) +Bn,1(z3) + z2Bn−1,2(z3), n ≥ 0

Ψ3n+2(z) = z2Φn(z3) + Cn,1(z3) + zCn,2(z3), n ≥ 0

with the convention A−1,1 = A−1,2 = B−1,2 ≡ 0, is an MOPS with respect to a
quasi-definite linear functional v.

Notice that
Ψ3n(0) = Φn(0),

Ψ3n+1(0) = Bn,1(0),
Ψ3n+2(0) = Cn,1(0).

An analog question for the quadratic case has been already solved in [3].
There it has been proved that, if (Φn) is a MOPS then, the polynomials defined
by

R2n(z) = Φn(z2) + zBn−1(z2),

R2n+1(z) = zΦn(z2) +Dn(z2),

are orthogonal with respect to a quasi-definite linear functional if and only if
DN (0) �= 0 for at most one N ∈ N and the polynomials Bn, Dn satisfy

(i) If Dn(0) = 0 for every n ∈ N, then Bn(0) = Dn(0) = 0 for every n ∈ N,
i.e. R2n(z) = Φn(z2), R2n+1(z) = zΦn(z2).
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This means that the associated reflection parameters are {ΦN+1(0), 0, 0}.

Finally, the explicit expression for Ψ3N+3(z) is

Ψ3N+3(z) = ΦN+1(z3) + zAN,1(z3) + z2AN,2(z3) =

= z
(
z2 + βγz + βΦN+1(0)

)
ΦN (z3)+

+
[
(β + γΦN+1(0)) z2 + (γ + βγΦN+1(0)) z + βγ + ΦN+1(0)

]
Φ∗N (z3).

Now, for the following term, we will consider another two cases.

D.1 BN+1,1(0) = 0, CN+1,1(0) = 0,

BN+2,1(0) �= 0, CN+2,1(0) = 0.

Since BN+1,1(0) = 0, from (6.1) and (6.2) we have

BN+1,1(z) = zAN,2(z),
BN,2(z) = AN,1(z).

In the same way, since CN+1,1(0) = 0, (7.1) and (7.2) lead to

CN+1,1(z) = zBN,2(z) = zAN,1(z),
CN+1,2(z) = BN+1,1(z) = zAN,2(z),

and from (5), we obtain

AN,1(z) = CN,1(z) + ΦN+1(0)C∗N,2(z),

AN,2(z) = CN,2(z) + ΦN+1(0)C∗N,1(z).

Now, if we use the expressions for CN,1(z) and CN,2(z) as in (10) we can
deduce

AN,1(z) = γΦ∗N (z) + βγΦN (z) + ΦN+1(0)
[
βΦN (z) + βγΦ∗N (z)

]
.

In the other hand, from (6.3) we have AN+1,2 ≡ 0. Now, (6.1) and (6.2)
become

{
BN+2,1(z) = BN+2,1(0)Φ∗N+2(z),
BN+1,2(z) = AN+1,1(z) +BN+2,1(0)A∗N+1,1(z),
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and (7.1), (7.2) lead to

CN+2,1(z) = zBN+1,2(z),
CN+2,2(z) = BN+2,1(z).

Keeping in mind (5), it follows that

AN+1,1(z) = zAN,1(z) + ΦN+2(0)A∗N,2(z),

0 =AN+1,2(z) = zAN,2(z) + ΦN+2(0)A∗N,1(z),

and thus
AN+1,1(z) = z

(
1− |ΦN+2(0)|2

)
AN,1(z),

which we can written in the following way

0 = z
[
CN,2(z) + ΦN+1(0)C∗N,1(z)

]
+ ΦN+2(0)

[
C∗N,1(z) + ΦN+1(0)CN,2(z)

]
=

= β
(
z + ΦN+1(0)ΦN+2(0)

)
Φ∗N (z) +

[
γ (ΦN+1(0)z + ΦN+2(0)) + βγ

]
ΦN (z)

and, taking into account Proposition 3, we get β = BN,1(0) = 0 which is a
contradiction.

D.2 BN+1,1(0) = 0, CN+1,1(0) = 0,

BN+2,1(0) = 0, CN+2,1(0) �= 0.

A similar procedure yields a contradiction.

Thus, we can suppose that

β = BN,1(0) �= 0, γ = CN,1(0) �= 0,

BN+k,1(0) = 0, CN+k,1(0) = 0, k = 1, . . . , n, n ∈ N

and in a similar way as in the above cases using an induction process, we obtain

BN+n+1,1(0) = 0, CN+n+1,1(0) = 0, n ∈ N.

As a conclusion,
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Bn,1(0) = Cn,1(0) = 0, ∀n ≥ N + 1.

In other words,

{
Bn,1(z) = zAn−1,2(z),
Bn−1,2(z) = An−1,1(z),

{
Cn,1(z) = zBn−1,2(z),
Cn,2(z) = Bn,1(z),

for n ≥ N + 1. Thus

Ψ3n+1(z) = zΨ3n(z), n > N,

Ψ3n+2(z) = z2Ψ3n(z), n > N,

Ψ3n+3(z) = Φn+1(z3) + zAn,1(z3) + z2An,2(z3), n ≥ N,

and
An(z) = zAn−1(z) + Φn+1(0)JA∗n−1(z)

for n ≥ N + 1 with the initial conditions (8). ��

The next step will be an alternative way to deduce an explicit expression for
the sequence

(
Ψn

)
in terms of the sequences

(
Φn

)
and

(
Ωn

)
, where

(
Ωn

)
is the

MOPS of the second kind for
(
Φn

)
(see [5, 9]).

Taking into account the above results, the sequence
(
Ψn

)
is a finite perturba-

tion of
(
Ψ̃n

)
at level 3N+2, where

(
Ψ̃n

)
is the MOPS obtained from the sequence(

Ψn

)
introducing two zeros between two consecutive terms of the corresponding

sequence of reflection parameters. By means of Λn and Λ̃n we denote the polyno-
mials of the second kind of Ψn and Ψ̃n respectively. Using the procedure described
in [3] we get

(
Ψ3N+2+k(z)
Λ3N+2+k(z)

)
=

1
2z3N+2eN

(
R(z) S(z)
U(z) V (z)

) (
Ψ̃3N+2+k(z)
Λ̃3N+2+k(z)

)
,
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where

(
R(z) S(z)
U(z) V (z)

)
=

=
(

Φ∗N (z3) ΦN (z3)
−Ω∗N (z3) ΩN (z3)

) (
p(z) q(z)
zq∗(z) zp∗(z)

) (
z2ΩN (z3) −z2ΦN (z3)
Ω∗N (z3) Φ∗N (z3)

)
,

with

p(z) = βγz + 1,
q(z) = βz + γ.

Notice that R, S, U, V are self-reciprocal polynomials. (See [9]).

In the same way, if we denote by F̃ the Carathéodory function associated with
the MOPS

(
Ψ̃n

)
, then it is known ([6]) that F̃ (z) = F (z3). Thus

Proposition 6. For the Carathéodory function G associated with the MOPS(
Ψn

)
we get

G(z) =
U(z)F (z3) + V (z)
R(z)F (z3) + S(z)

, z ∈ D = {|z| < 1}·

Proof: For n ≥ 3N + 2 we can write

Λ∗n(z)
Ψ∗n(z)

=
U(z)Ψ̃∗n(z) + V (z)Λ̃∗n(z)

R(z)Ψ̃∗n(z) + S(z)Λ̃∗n(z)
·

Then

G(z) = lim
n

Λ∗n(z)
Ψ∗n(z)

=
U(z)F (z3) + V (z)
R(z)F (z3) + S(z)

, z ∈ D· ��

Remember that in the positive definite case the measure dµ belongs to the
Szegő class when

(
Φn(0)

)
∈ l2. In this case we can define the Szegő function as

D(z; dµ) = exp
{ 1

4π

∫ π

−π

1 + ze−iθ

1− ze−iθ logµ′(θ)dθ
}
, z ∈ D,
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(see [13]) and furthermore

D(z; dµ) = lim
n

κn
Φ∗n(z)

locally uniformly in D, where κn = ||Φn||−2. Now, it is easy to obtain the Szegő
function associated with the polynomials Ψn.

Proposition 7. Let dµ be a positive Borel measure supported on T which
belongs to the Szegő class. Let

(
Ψn

)
be the MOPS introduced as above and denote

BN,1(0) = β, CN,1(0) = γ. If β, γ ∈ D, then the measure dν of orthogonality for(
Ψn

)
belongs to the Szegő class and the corresponding Szegő function is given by

D(z; dν) =
[(

1− |β|2
)
(1− |γ|2

)]− 1
2

D(z3, dµ)
R(z)F (z3) + S(z)

, z ∈ D.

As a consequence,

ν′(θ) =
[(

1− |β|2
)
(1− |γ|2

)]− 1
2

µ′(3θ)
|R(eiθ)F (e3iθ) + S(eiθ)|2 ,

where µ′ and ν′ denote, respectively, the Radon-Nikodym derivatives of µ and ν
with respect to the Lebesgue measure.

3. SOME EXAMPLES.

1.- We illustrate the preceding results with some examples. First, we consider
the sequence of reflection parameters given by

Φn(0) =
1

n+ 1
, n ∈ N ∪ {0}.

It is very well known that the corresponding sequence of orthogonal polyno-
mials (Φn) is

Φn(z) =
1

n+ 1

n∑
k=0

(k + 1)zk =
1

n+ 1
(n+ 1)zn+2 − (n+ 2)zn+1 + 1

(1− z)2 .

For the polynomials of second kind we get

Ωn(z) =
1

n+ 1
(n+ 1)zn+1 − (n+ 2)zn + 1

(z − 1)
.
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Besides, the corresponding orthogonality measure dµ constitutes a modifica-
tion of the Lebesgue measure. More precisely,

dµ(θ) =
1
4π
|eiθ − 1|2dθ,

and we can obtain the sequence {un}n≥0 of the moments for the measure dµ. In
fact

uk =
1
4π

∫ 2π

0

eikθ|eiθ − 1|2dθ =

=
1
4π

∫ 2π

0

(
2eikθ − ei(k+1)θ − ei(k−1)θ

)
dθ = 0, k ∈ Z,

up to k ∈ {0,−1, 1}. Notice that

u0 = 1, u1 = u−1 = −1
2
.

Thus, the corresponding Carathéodory function is

F (z) = 1− z, z ∈ D.

In order to obtain the Carathéodory function related to the sequence (Ψn)n∈N,
taking into account the expression for the sequences Φn, Ωn, their corresponding
reciprocal polynomials, and keeping the notation of the previous sections, now we
can write

(
R(z) S(z)
U(z) V (z)

)
=

1
(z3 − 1)

(
r(z) s(z)
u(z) v(z)

)
·


z2(z3 − 1)((N + 1)z3N −

N−1∑
k=0

z3k) −z2((N + 1)z3N+3 −
N∑
k=0

z3k))

(z3 − 1)(
N−1∑
k=0

z3k − (N + 1))
N∑
k=0

z3k − (N + 1)



where r, s are polynomials of degree exactly 3N + 2 with leading coefficient γ and
u, v are monic polynomials of degree 3N + 2. More precisely
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(
r(z) s(z)
u(z) v(z)

)
=

1
(z3 − 1)(N + 1)

(
βγz + 1 γz2 + βz
βz + γ z2 + βγz

)
·


N∑
k=0

z3k − (N + 1) −(z3 − 1)(
N−1∑
k=0

z3k − (N + 1))

(N + 1)z3N+3 −
N−1∑
k=0

z3k (N + 1)z3N −
N−1∑
k=0

z3k

 .

As a consequence of Proposition 6 we deduce the corresponding expression
for the Carathéodory function

G(z) =
(z3 − 1)U(z)− V (z)
(z3 − 1)R(z)− S(z)

, z ∈ D·

and from Proposition 7 it follows that

ν′(θ) =
[
(1− |β|2)(1− |γ|2)

]− 1
2 1− cos 3θ
|R(eiθ)(1− e3iθ) + S(eiθ)|2 .

2.- We will consider another modification of the Lebesgue measure. This is
given by means of the Poisson kernel Pr(θ), i.e.,

dµ(θ) = P|a|(kθ − t)dθ =
1− |a|2
|a+ eikθ|2 dθ

where a = |a|eit ∈ D and k ∈ N fixed.

The corresponding sequence of orthogonal polynomials is called a Bernstein-
Szegő polynomial sequence, i.e., their reflection parameters are

Φn(0) = 0, n ∈ N, n �= k,

Φk(0) = a.

Keeping in mind the forward recurrence relation, for the sequence (Φn)n≥0

we obtain
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Φn(z) = zn, n < k

Φn(z) = zn−k
(
zk + a

)
, n ≥ k.

Thus, the Carathéodory function is a rational function. More precisely,

F (z) =
−azk + 1
azk + 1

.

If we make a perturbation at level 3N + 2 with N ≥ k for the polynomials
Ψn and Λn we get

Ψ∗3N+2(z) =
(
γβz + 1

)
Ψ̃∗3N (z) +

(
γz + β

)
zΨ̃3N (z),

Λ∗3N+2(z) =
(
γβz + 1

)
Λ̃∗3N (z) +

(
−γz + β

)
zΛ̃3N (z).

As a consequence

F (z) =
Λ∗3N+2(z)
Ψ∗3N+2(z)

=

(
γβz + 1

)
Ω∗k(z

3) +
(
−γz + β

)
z3(N−k)+1Ωk(z3)(

γβz + 1
)
Φ∗k(z3) +

(
γz + β

)
z3(N−k)+1Φk(z3)

=

=

(
γβz + 1

) (
−az3k + 1

)
+

(
−γz + β

)
z3(N−k)+1

(
z3k − a

)(
γβz + 1

)
(az3k + 1) +

(
γz + β

)
z3(N−k)+1 (z3k + a)

The Szegő function for the modified sequence is

D(z; dµ) =

(
1− |γ|2

)− 1
2
(
1− |β|2

)− 1
2κk(

γβz + 1
)
(az3k + 1) +

(
γz + β

)
z3(N−k)+1(z3k + 1)

, z ∈ D.

(See[3]).
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