HILBERT, DIRICHLET AND FEJER FAMILIES OF OPERATORS
ARISING FROM Cy,-GROUPS, COSINE FUNCTIONS AND
HOLOMORPHIC SEMIGROUPS

EVA FASANGOVA AND PEDRO J. MIANA

ABSTRACT. The main aim of this paper is to extend definitions of Hilbert
transform, Dirichlet and Fejér operators (defined by convolution with suitable
kernels in Lebesgue spaces) in arbitrary Banach spaces. We present a self-
contained theory which includes different approaches of other authors whose
starting points were usually Cp-groups or cosine functions. We present rela-
tions with holomorphic semigroups. We characterize the geometric property of
UMD spaces in terms of the Dirichlet and Fejér operators. To end the paper,
we give examples to illustrate our results.

Introduction

Let (LP(R), | |lp) be the usual Lebesgue space with the norm

= ([ If(t)lpdt>; . fer®),

with 1 < p < co. Take g € LP(R) with 1 < p < oo and £ > 0. Partial Hilbert
transforms, H. : LP(R) — LP(R), are defined by

s S

(o0 == [ Ny 90=9)ys e rrm).

Riesz’s theorem sets up that the Hilbert transform, Hg := lim._ o+ H.g, is a
bounded operator H : LP(R) — LP(R) with 1 < p < oc.
With the help of the Dirichlet kernel, (ds)s>0, defined by
sin(sr)
ds = € R\{0},
()= e my(o)
for s > 0, one can consider operators D(s) : LP(R) — LP(R), called Dirichlet
operators, D(s)(g) := dsx*g, for g € LP(R), with 1 < p < co. Riesz’s theorem implies
that (D(s))s>0 is a family of uniformly bounded operators. Another property is
that D(s)g — g as s — oo for any g € LP(R), 1 < p < oc.
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Similarly, the Fejér kernel,

fs(r) == 1;7(;82(37“), s >0, r e R\{0},
gives rise to Fejér operators, F(s) : LP(R) — LP(R), by F(s)g := fs * g for g €
LP(R), 1 < p < co. Since fs € L'(R), F(s) is a bounded operator. One has
1F(s)g — g as s — oo for any g € LP(R), 1 < p < co. Note that

fs(r) = /o dy(r)dt, reR,

s > 0. See these known results in [19], [22] and [24].

In the first section of the paper and later in the case of bounded Cy-groups, we
shall be concerned with a particular class of Banach spaces, UMD spaces. The
original definition of the UMD property may be found in [9]. Every UMD space is
a reflexive space and LP(R) is UMD if and only if 1 < p < co. We shall use the
following characterization of the UMD property in terms of the Hilbert transform.
For ¢ € (0,1), p € (1,00) and N > 1, let H. y be bounded operators defined on
LP(R; X) as

o)== [ M0 ge pmx).
T Je<|s|<N S
The Banach space X is a UMD space if and only if H. y admits a strong limit
H € B(LP(R; X)) as € goes to 07 and N goes to +oo and for some, or equivalently
for all p € (1,00), see [8, 9].
Note that if we consider the shift group (T'(s))ser acting by T'(s)g(t) = g(t — s)
for t,s € R, then

e
m= L [~ MMy yeprmx),

T
Mds = lim / Mds.
e<[s|<N

S e—0,N—o0 S

For arbitrary uniformly bounded Cy-groups in UMD spaces, T = (T'(s))ser C
B(X), (B(X) is the algebra of linear and bounded operators on X), the Hilbert
transform, HY', where

e
HT 2 = 3/ Bz, sex,
™ S

— 00

— 00
oo
where we follow the convention /

— 00

has been studied by several authors, see for example [4, 20].

The aim of our paper is twofold. First, in the first section we characterize UMD
spaces in terms of Dirichlet and Fejér operators associated with the shift group
in LP(R; X) (Theorem 1.1 and Theorem 1.4). These characterizations show the
important relationship between these operators and the geometry of the Banach
space X. Second, we introduce Hilbert, Dirichlet and Fejér families of operators
on an arbitrary Banach space X. Some particular cases of these general concepts
have appeared through uniformly bounded Cy-groups or cosine functions of oper-
ators. The novelty of our paper is that our starting point in the three cases is an
algebraic definition which allows to cover these studied cases. The main point in
these definitions is a composition rule which plays a central role (in the case of
Dirichlet and Fejér operators) to define algebra homomorphisms from algebras of
absolutely continuous functions on RT into B(X). We also present how to associate
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holomorphic semigroups with Dirichlet and Fejér families, and show that certain
holomorphic semigroups give rise to Fejér families.

Algebra homomorphisms (sometimes called functional calculi) associated with a
closed operator are also used to classify operators. The canonical example is a self-
adjoint operator on a Hilbert space which has a functional calculus for any function
which is Borel measurable on the spectrum of the operator. On an arbitrary Banach
space such operators have been called spectral operators of scalar type and treated
in [16]. From this time different functional calculi have been introduced, for ex-
ample, a well-bounded operator has a functional calculus for absolutely continuous
functions. See [12] for more details in this topic.

In the second section we define Hilbert families of operators in a general way. In
the case of uniformly bounded Cy-groups in UMD spaces, these operators have been
considered in [4, Theorems 5.12 and 5.16] and the Hilbert transform is also given
in [20]. We give a definition of Hilbert transform for uniformly bounded cosine
functions in UMD space (see Theorem 2.8) which coincides with the one considered
in [23, Section 3.

Our definition of a Hilbert family of operators is equivalent to the concept of
a spectral family, see Theorem 2.3. A spectral family on a Banach space X is a
projection-valued function F : R — B(X) which satisfies the following conditions:

() sup{ BV X € R} < oc;
) EOVE() = E(u)E(\) = E(min{A, u}), for A,y € R;
iii) E(-) is right continuous on R in the strong operator topology;
) E(-) has a left-hand limit in the strong operator topology at each point of
R which we write E(s™ )z for s € R and z € X
(v) E(A\) — 0 (resp., E(\) — I) in the strong operator topology as A — —o0,
(resp., A = +00).

If X is a reflexive Banach space then a projection-valued function £ : R — B(X)
satisfying (i) and (ii) of the above definition has a strong left-hand limit and a strong
right-hand limit at each point of R, see [2].

In the third section we introduce Dirichlet families of operators. Every Dirichlet
family is given by some spectral family, but this might not be uniquely determined,
see Theorem 3.2. To a Dirichlet family we associate an algebra homomorphism
(of absolutely continuous functions on RT), a holomorphic Cp-semigroup and a
generator (a closed and densely defined operator). We obtain that this generator is
a well-bounded operator. A converse statement, that is, which operators (or which
holomorphic semigroups) give rise to a Dirichlet family, is in general not known.
Nevertheless, we prove that uniformly bounded Cy-groups and cosine functions in
UMD spaces give rise to Dirichlet families. Some particular Dirichlet families to
characterize scalar-type spectral operators in reflexive Banach spaces have been
considered in [11].

In the fourth section we introduce Fejér families of operators. Dirichlet families
allow to define Fejér families by integration, but it is not known whether every Fejér
family is induced by some Dirichlet family. To a Fejér family we also associate an
algebra homomorphism (for a subalgebra of absolutely continuous functions on
RT), a holomorphic Cy-semigroup and an operator (generator), see Theorem 4.3.
We obtain that the generator is AC!-scalar, see the definition in [12]. Conversely, we
show that certain holomorphic semigroups give rise to Fejér families. On the other
hand, we show that uniformly bounded Cy-groups and cosine function determine
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Fejér families of operators on an arbitrary Banach space. Note that some particular
Fejér families have been introduced in [12], [13] and [17], where holomorphic Cy-
semigroups with some growth properties are considered.

In the last section we give some concrete examples of uniformly bounded Cjy-
groups on non-UMD function spaces and we check whether they do or do not
define Hilbert and Dirichlet families.

Finally, we would like to address some open problems arising in the context of
this paper:

1. Which well-bounded operators come from Dirichlet families ? (The answer
in reflexive spaces is given in Corollary 3.4. For the connection of well-
bounded operators with Fejér families see the second remark after Theorem
44.)

2. Under what conditions is a Dirichlet family induced by a group ? What is
the role of the UMD property of the underlying Banach space ? (For the
connection between spectral families and groups see Theorem 2.4 and the
paragraph below it. Every Dirichlet family is induced by a spectral family,
see Theorem 3.2, but this may not be uniquely determined. Conversely,
not every spectral family is induced by a Dirichlet one.)

3. When does a Lipschitz continuous Fejér family come from a Dirichlet family
? What is the role of the Radon-Nikodym property or the UMD property
of the underlying Banach space for the question ? (See Theorem 4.2 and
the remark following it.)

4. What is the precise connection between Fejér families and holomorphic

semigroups ? (Up to a growth condition, they are equivalent, see Theorems
4.3 and 4.4.)

1. Characterizations of UMD spaces

The main aim of this section is to characterize UMD spaces in terms of the
Dirichlet and Fejér operators, Theorem 1.1 and Theorem 1.4. As we have said in the
Introduction, the boundedness of the Hilbert transform on LP(R; X) characterizes
the UMD property of X ([8, 9]).

Take X a Banach space, g € L'(R) and f € LP(R; X) with 1 < p < co. Then
f*ge€ LP(R; X) where

fxrglt) = /Rg(s)f(t — s)ds, t € R.

Then it is clear that truncated Dirichlet operators, (Dn(s))s,nv>0 define linear and
bounded operators in LP(R; X), where
sin(sr) dr

D (s)f(8) = / fE-nT ier

_N r s

$,N>0, fe LP(R;X) and 1 < p < oc.

Theorem 1.1. Let X be a Banach space. The following conditions are equivalent.
(i) The Hilbert transform H belongs to B(LP(R; X)) with 1 < p < oo.
(ii) The Dirichlet operators (D(s))s>o belong to B(LP(R; X)) with 1 < p < 00
and
sup [|D(s)]| := C < o0,
s>0
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where D(s)f = NliIE Dn(s)f.
(iii) The Dirichlet operator D(1) belongs to B(LP(R; X)) with 1 < p < oc.
Proof. To show that (i) = (ii) we use that

Dy () (1) = & (lm(e ™" Ho ("0 1) — ¢ How (e O (1)) st R
E—
for N > 0. Since there exists lim._.o y—oo He v f for f € LP(R; X) with 1 < p < o0,
we get D(s) C B(LP(R; X)) for s >0, 1 < p < oo and
sup [[D(s)[| < [|H]].
>0
(ii) = (i) It is enough to show this in the case p = 2. Given f € L*(R; X) we
define the operators L, : L?(R; X) — L?(R; X) by
(Lo f)(t) = € (dy x feTO)(t) = 7 (dy % fe" (), tER;5>0.

The inequality ||Lsf|l2 < 2C||f|l2 holds for every s > 0. It is straightforward to
check that

(L)) = (Sini(sr) «f)(t), teR,s>0.
Note that .
sin? (sr)

" (1) = X(=s,0) (1) = X(0,s) (1), u € R,

where f is the Fourier transform of f and x4 is the characteristic function of the
set A.
Let S(R; X) be the Schwartz class of functions defined on R with values in the

Banach space X. Take f € S(R; X) such that supp(f) C (—s, s) with s > 0. Then
Lsf = JE(X(—&O) - X(o,s)) =Hf.

Then Lof = Hf and |H f|2 < 2C||f||2 for f € S such that f is of compact support.
By density, the last inequality holds for f € L?(R; X).
(iii) = (ii) Take s > 0 and note that

D(s)g(t) = (D(1)gs—1)s(t),  tER,
where we follow the notation g,(t) := g(st) for s > 0. As ||gs-1|l, = sv llgllp, we get

;1
1D(s)gllp = 57 [D(L)gs—1llp < DD llgllp,
for g € LP(R; X), 1 < p < oo and the proof is finished. |

The function f, defined in the Introduction satisfies that f,(€) = X(—s,5) (&) (s —
[€]) and

fs*ft:Q/Osfudu—l—(t—s)fs, 0<s<t. (L.1)

In the next lemma we show that the map s — f,, Rt — L*(R), is not a Lipschitz
function. Recall that a function g : RT — X is Lipschitz if there exists M > 0 such
that

lg(t) —g(s)ll < Mt —s|,  t,seR.

Lemma 1.2. Let (fs)s>0 be the functions defined in the Introduction.

2
(i) The inequality || fs+n — fsll1 < =hllog(h)|(e + s+ g) holds for h € (0,1).
T
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(ii) Given s > 0 and ¢ > 0 there does not exist a C' > 0 such that for any
h € (0,¢) one has
[fs+n = fsllh < Ch.
Proof. (i) Take s, h > 0. Then
| cos((s + h)t) — cos(st)| dt

on—fi = 2 A
0 s
B 2/00 | cos(st)(1 ; cos(ht))| dt o /oo |Sin(st) sin(ht) |@
0 t m 0 t s
Note that 2/Oo [cos(st)(1 — cos(ht))| dt < h and
0 t2 ™
00 | - . oo @
2/ \sm(st)sm(htﬂ@g@_’_gha/ dt :@_‘_g h ’
0 t2 ™ ™ ™ . e v ml—«
where we have used that sin(z) < 2° for > 0 and 8 € [0,1]. Fix h € (0,e™!), the
function a — % has a minimum eh|log(h)| at the point o = 1 4+ @ € (0,1).
Then

2sh 2 2 s
[ fs+n — fsllh < h+ — + —eh|log(h)| < —h[log(h)[(e + s + ).
us s T 2
(ii) By the part (i), it is enough to prove that given s > 0 and ¢ > 0, there does

not exist C' > 0 such that

| sin(st) sin(ht

[ Lt g,
0 t

for h € (0,¢). If we suppose the existence of such C, then

oo |sin( ) sin(t)| 1 | sin(2¢) sin(t))| 1 |sin(2¢)|
C> / — b Tar> / I E—— T sin(l)/ —
0 t 0 t? 0 t
for h € (0,¢). Then
.0 N /i |sin(u)|du7
sin(1) 0 u
for h € (0,¢) and we obtain a contradiction. O

Remark The trick used in the proof of the first part has appeared in [23, Lemma
4].
Now we consider the Fejér operators in LP(R; X) defined by
F(s)g=fs*g, g€L'(R;X).
As in the scalar case, one can show the following properties for Fejér operators.

Proposition 1.3. Let X be a Banach space, (F(s))s>0 the Fejér operators and
1<p<oo. Then

(1) IFI < fsll = s for s = 0.
(i) the map s — F(s) is continuous, as function from [0, 00) into B(LP(R; X)).
(i) Jim ZF(s)(f) = f for any f € /(R X).

Theorem 1.4. Let X be a Banach space and 1 < p < co. The following condition
is equivalent to the conditions (i), (ii) and (iii) in Theorem 1.1.
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(iv) The map F : s € [0,00) — F(s) € B(LP(R; X)) is a Lipschitz function.
In this case,

F(s)g = /S D(u)gdu, g€ LP(R;X), s2>0.
Proof. Since i
F$)alt) = g0 = [ dusgOdu= [ Dlujgan, >0,
the proof of (ii)= (iv) is obtaines directly due to O
[F(s)g = F(t)gllp < /St D (u)gllpdu < sup IP)lgllpt—s),  0<s<t,
for g € LP(R; X) with 1 < p < co. Then ||F(s) — F(t)|| < Cls —t| for 0 < s < t.

Now we prove the part (iv)= (ii). Take g € LP(R; X) with 1 < p < co with
compact support. Note that the function F(-)g is differentiable, and

d d
L (FODE = L (fawg) = g = Diso.
Therefore Fls + h)g — F(s)
. s+ h)g—F(s)g
D)l < timsup | I =FT), < apg,
By density, we obtain that ||D(s)|| < M for s > 0. O

2. Hilbert families of operators

In this section we introduce a Hilbert family of operators as a vector-valued
function, H : R — B(X), which satisfies several conditions. The operator H (0) will
be called Hilbert transform, and in the case of a uniformly bounded Cy-group in a
UMD space it coincides with the Hilbert transform introduced in [20]. We define a
Hilbert transform for a uniformly bounded cosine function in a UMD space at the
end of the section. In the main result of this section, Theorem 2.3, we prove that
spectral families and Hilbert families are mutually equivalent.

Definition 2.1. A Hilbert family of operators on a Banach space X is a function
H : R — B(X) which satisfies the following conditions:
(i) sup{||H(s)| : s € R} < o0;
(ii) H(s)H(t) = H(t)H(s) = H(s) — H(t) + I, for s < t;
(iii) the function s — H(s)z has a left-hand limit (which we denote H(s™)x)
and a right-hand limit (which we denote H(s™)x) at each point of R and
r € X;

(iv) H(s)x = xforse]RandxeX;

(v) H(s) — —I (resp. H(s) — I) in the strong operator topology as s — —oo
(resp. s — +00).
The operator H(0) will be called a Hilbert transform.

H(sT)x+ H(s™)

The identities in the next proposition will be used in the proof of Theorem 2.3.
Compare the part (i) and [20, Proposition 5.3]. We omit the details of this technical
proof which involves the conditions of the Definition 2.1.

Proposition 2.2. Let H = (H(s))ser be a Hilbert family of operators on a Banach
space X. Then the following identities hold:
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(i) H3(s) = H(s) for s € R;
(ii) H(s)x — H(s™ )z =2 — H?(s)x = H(sT)z — H(s)x, for se R and z € X;
(i) H*(sT)z = H*(s )z ==, for s€ R and z € X.
Theorem 2.3. Let E = (E(\))xer be a spectral family on a Banach space X.
Then the family of operators HY = (HF (s))ser defined by
HE(s)x := E(s)z + E(s )z — x, re X, (2.1)
is a Hilbert family of operators. In this case the following equalities hold:
(i) (HF)?(s)x = E(s7 )z — E(s)x +x, forz € X and s € R;
(i) E(s) =1+ 3 (HE(s)— (HF)%(s)), for s € R.
Conversely, let H = (H(s)ser be a Hilbert family of operators on X. Then the
family of operators EH = (EH (s))ser defined by

EH(s) =T+ % (H(s) — H*(s)), s €R, (2.2)
is a spectral family. In this case the following equalities hold:
(G) H(s)x = EH(s)x + EH(s7 )z — z, for v € X and s € R;
(ij) H?(s)x = E¥(s7 )z — EH(s)x +x, forx € X and s € R.
In conclusion, if E is a spectral family and H a Hilbert family then E = EH®
and H = HE" .

Proof. Let E = (E(s))ser be a spectral family on a Banach space X. It is direct
to check that
HE(s)HE (t)x = HE (s)(BE(t)x + E(t" )z —x) = HE(s)x — HE (t)x + z € X,
for s < t. In a similar way it is shown that
HY)H®(s)x = HE (s)e — HE ()x + 2, z€ X,

and the part (i). Note that H¥(s™)x = 2E(s™ )z — x and HF (sT)z = 2E(s)z — =,
therefore

HP(sP)x + HP (s )z = 2(B(s)x + E(s )z — ) = 2H (s)x, s €R,

for x € R. The conditions (i), (iii) and (v) of Definition 2.1 follow easily from the
definition of spectral family and (2.1). We conclude that (H(s))scr is a Hilbert
family. The part (ii) is an easy consequence of (i) and (2.1).

Let H = (H(s))ser be a Hilbert family on a Banach space X. Take s < ¢, it is
straightforward to check that

H?*(O)H(s) = H(s)— H*(t)+1,
H?*(s)H(t) = H?*(s)+H(t)—1
H%*(t)H?*(s) = H?(s)+ H?(t)—

1
= EH(s) for s < t. Using
The right continuity of the
d (iii),

We apply these identities to show that E(s)EH(t)
that H3(s) = H(s), we prove that (E)2(s) = Ef(s).
a

function s — FE(s)x follows from Proposition 2.2 (ii) an

1
lim B (t) = ; + 5@~ H(s)a+ H(s)a) = B ()
t—s
for s € R and € X. We conclude that E = (EH (s)),cr is a spectral family.
Parts (j) and (jj) are proved from Proposition 2.2 (ii) and (iii). The identity

E = E"” follows from (i) and H = HE” from (j). O
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In the rest of this section we consider two cases when a Hilbert family may be
defined. First we start with a uniformly bounded Cy-group , T', on a UMD Banach
space. The Hilbert transform H{ and operators (H7 (s))ser have been considered
respectively in [20] and [4]. On the other hand, a spectral family E7' is proved to
exist in [5].

In the second case we start with a uniformly bounded cosine function C' =
(C(t))ter on a UMD Banach space X. In [18] it is proved that there exists a
uniformly bounded Cy-group T' = (T'(t))ter such that

) = w teR,
and one can consider the Hilbert family (H7(s))secr and the spectral family
(ET(t))¢er. On the other hand, we will directly define a Hilbert transform H§ €
B(X). Our aim is to find the relations between these families and the operator H
in particular to prove that HS = HT.

Let X be a Banach space. A Cy-semigroup is a family of linear and bounded
operators (T'(t));>o such that T'(t + s) = T(¢t)T(s), for any ¢t,s > 0, T(0) = I, and
lim; g+ T(t)x = x for any « € X. If there exists M > 0 such that ||T(t)|| < M for
t > 0 then we say that (T'(¢));>0 is uniformly bounded. The infinitesimal generator
(A, D(A)) is a closed and densely defined operator such that

T(t)x — T(Hx —
D(A):={z € X :there exists lim Tt -z }, Az:= lim M’
t—0T t t—0+ t
with z € D(A). In the case when A and —A generate Cy-semigroups, (T (t))i>0
and (T (t))¢>0, it is said that A generates a Co-group (T'(t))ier given by

T (@), ift>0,
T(t)_{T(—t), if t <0.

The Cy-semigroup (T'(t));>0 is holomophic of angle 7 if there exists a holomorphic

extension z — T'(z)x, {z € C;Rz > 0} — X for x € X, see for example [1].

The link between spectral families and Cy-semigroups have appeared in several
papers, see for example [3], [5] and [7] for strongly continuous representations of
compact abelian groups. The next result shows a nice decomposition of uniformly
bounded Cy-groups in terms of spectral families in UMD spaces.

Theorem 2.4. [5, Théoréme 4] Let X be a UMD space and (T (t))icr a uniformly
bounded Cy-group on X. Then there exists a unique spectral family E on X such
that

a

T(t)x = lim " dE(r)x, teR, zelX.

A converse result does not hold in general. For example the Laplace operator
—A on LP(R), where 1 < p < oo, is well-bounded (i.e., there exists a ”enough
good” spectral family associated with it on [0,00)), see [13, Theorem 4.1 (a)] and
also [3, p.457], but it is not a generator of a uniformly bounded Cy-group. It is an
open problem to determine under what conditions is a spectral family induced by
a uniformly bounded Cy-group.
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As we have commented in the Introduction, the Hilbert transform associated
with T, HI'| is a linear and bounded operator on a UMD space X, see [20, Proposi-
tion 5.2]. Moreover, the Hilbert transform for the perturbated group (e ~*T'(t))ser
for s € R has been also considered, see [4, Theorem 5.12, 5.16].

Corollary 2.5. Let X be a UMD Banach space and T = (T(t))ier @ uniformly
bounded Co-group on X. Then (HT(s))ser is a Hilbert family, where

; o0 —itsT t
HT(s)m::i/ wdt, reX,
T J_so t
and
H(s)x = E(s)x + E(s™ )z — , re X, seR, (2.3)
where (E(t))ier is the spectral family given in Theorem 2.4.

Proof. The equality (2.3) has been proved in [4, Theorem 5.12]. By Theorem 2.3,
we obtain that (HT (s))ser is a Hilbert family. O

Let X be a Banach space. A family of operators C' = (C(t))ter C B(X) is called
a cosine function on X if the map t — C(t)x is strongly continuous, C'(0) = I
and the equality C'(t + s) + C(t — s) = 2C(t)C(s), holds for any ¢,s € R. We say
that C' = (C(t))¢er is uniformly bounded if sup,cp [|C(t)|| < oo. The generator of
a cosine function C' is defined as the unique operator A such that

AAZ—A) e = / e MO(t)xdt, X >0,
0

C(t)x —
for z € X. One has that Az =2 lim % for x € D(A). We define the sine

t—0+ 2
function (S(t))i>0 by
S(t)x := /OtC(s):vds, xeX,t>0.
It is direct to show that fot S(s)zds € D(A) for x € X and ¢ > 0 and
A/OtS(s)gcds:C(t)gc—:lc7 t>0,z€X, (2.4)

see details in [1, Section 3.14].
It is well-known that if (T'()).er is a Co-group generated by B then B? generates
a cosine function given by

1
C(t)x = B (T(t)x +T(-t)z), teR,
for x € X. The converse implication in UMD spaces was partially solved in [10]
and completed in [18].
Theorem 2.6. [18, Theorem 1.1] Let A generate a uniformly bounded cosine func-

tion (C(t))eer on a UMD space. Then i(—A)z generates a uniformly bounded
Co-group (T(t))ter such that

Clt) = % (T() + T(—1)),  teR.

Due to this equivalence between Cp-groups and cosine functions in UMD spaces
we obtain the following corollary.
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Corollary 2.7. Let X be a UMD space and (C(t))icr a uniformly bounded cosine
function on X. Then there exists a unique spectral family E on X such that

a

C(t)xr = lim cos(ts)dE(s)x, teR, zelX.

Now we consider the associated sine function (S(t));>0 in a UMD space X. Then
S(t)X C D(A2) and the map ¢ — A2 S(t)z is continuous for all z € X, and
24 —
ARS(t)r =25 tim / Clo=tz,
e<[s|<T

T e—0,T—00 S

for x € X, and t € R see [10, Proposition 2.4, Corollary 2.6]. Moreover, the
Co-group (T'(t))ter in the Theorem 2.6 is given by
T(t)x = C(t)z + A?S(t)z,  x € X,

where S(—t) = —S(¢) for t <0 ([10]).
For any ¢ > 0 and N > 1, we define the operators

2i (N Az
HgNa: ::;Z/ @d& rz e X.
€

It is clear that HEC:N € B(X). In the next theorem we prove that lim. .o ny— oo HgNz
exists for x € X and defines the Hilbert transform associated with the uniformly
bounded cosine function in a UMD space.

Theorem 2.8. Let X be a UMD Banach space and C = (C(t))ier a uniformly
bounded cosine function on X generated by A. Then lim._,o N— oo Hng exists for

r € X and defines a linear and bounded operator H§ € B(X). Moreover
(i) Let (E(t))ter be the spectral family given in Corollary 2.7. Then
HY 2z = E(0)z + E(07 )z — z, z e X.
(ii) If x € D(A), then
2i [ C(t)r—
HE Aby =2 Wdt,
™ Jo t
Proof. As we said before, the group defined by
T(t):=C(t)+ A2S(t), teR,
is uniformly bounded. Note that the limit of
. A 9 [N g%
Hlya = l/ = A2 S(t)xdt = l/ 2Si(t)xdt = H g,
’ e<ls|<N t ’

i t b

£

exists as e — 0% and N — oo by [20, Proposition 5.2] and H§ = H{'. The part (i)
follows from the formula (2.3) for s = 0.
Now we take x € D(A). Applying the equality (2.4) we obtain that

2i (VA 2 (C(N)z — _
HOCA%.’)S = lim 2 S(t)xdt:hml CN)z -z _80(5)33 z
eN T J, t eN N e2
. N _ X 50 B
+nm%/ Mdt:%/ C)r—ax
eN T Je t2 ™ Jo 12
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Remarks. The part (ii) of Theorem 2.8 remains true in a general Banach space
X provided there exists a Co-group T = (T'(t))iecr such that HI is a linear and
bounded operator and

T +7(=t)

= R.
C(t) 5 , te

This was proved in [23].
Given a uniformly bounded cosine function in a UMD space X, we may also
define a Hilbert family, (H(s))scr by

HE (s)x := ‘ /Oo e (CH)x + A2S(t)a) dt, z e X.

T t

— 00
3. Dirichlet families of operators

We introduce Dirichlet families of operators as a generalization of the convolu-
tion Dirichlet operators in the space L?(R; X) which were considered in Section 1.
Having a Dirichlet family we define a functional calculus for absolutely continu-
ous functions on RT. Uniformly bounded Cy-groups and cosine functions in UMD
spaces allow us to construct examples of Dirichlet families.

Definition 3.1. A Dirichlet family of operators on a Banach space X is a vector-
valued function D : [0, 00) — B(X) which satisfies the following conditions:
(i) sup{||D(s)] : s € [0,00)} < o0;
(ii) D(s)D(t) = D(t)D(s) = D(s), for 0 < s < t;
(iif) D(-)x has a left-hand limit, D(s™ )z, at each point s € (0,00) and a right-
hand limit, D(s")z at each point s € [0,00) and = € X;
D(s* D(s™
(iv) D(s)x = (s )x—;— (s7) for s € (0,00) and x € X

(v) D(0) =0 and D(s) — I in the strong operator topology as s — co.

Theorem 3.2. Let E = (E(s))ser be a spectral family in a Banach space X. Then
the family of operators DE = (D¥(s))s>0 defined by

DE(s)x = % (E(s)z+ E(s™)x — E(—s)z — E(—s™ )x)

is a Dirichlet family.
Conversely, let D = (D(s))s>0 be a Dirichlet family of operators in a Banach
space X. Then the family of operators EP = (EP(s))scr defined by
EP(s):=D(sT), s>0; FE(s)=0, s<0,

is a spectral family. Note that DE”) = D,
Let now H = (H(s))ser be a Hilbert family of operators in a Banach space X.
Then the family of operators (D (s))s>o defined by

is a Dirichlet family.

Proof. Tt is straightforward to check that D¥ satisfies the conditions of Definition
3.1, that EP is a spectral family, and that DE”) = D. For a Hilbert family H we
give the details. Take 0 < s < ¢t and compute

DH (s)DH (t)z :i (H(s)H(t)x — H(—s)H(t)x — H(s)H(—t)xz + H(—s)H(—t)x)
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:%(H(S)JZ — H(—s)z) = D" (s)z,

for z € X. In the same way we calculate D (t)D* (s). To check the part (iv) of

Definition 3.1, note that D (s~)z = 1(H(s™)z — H(—s"*)z, and then

H(s )z + H(s")x — H(—s")z — H(—s" )z D¥(s7)x+ D¥(s")x

DH _ =

OF ; : ,
for s >0 and =z € X. O
Remark. It is clear that in general E(P 7£ E: for example, take a spectral family

such that E(s) # 0 for s < 0.

An integration theory (for complex-valued functions of bounded variation on
[0, 00) or equivalently for bounded Borel measures on [0, 00)) is available for Dirich-
let families. This theory follows the same lines as the integration theory for spectral
families using Riemann-Stieltjes sums and allows us to define a functional calculus
®p given by

Op(p)x = ﬁo )D(t)xdu(t), r e X,

for p bounded Borel measures on [0,00). Note that we may recover the Dirichlet
family from the above calculus. To treat this in detail would take us too far of our
aims in this paper, hence we refer the interested reader to [16, Chapter XV] and
[15, Chapters 16 and 17].

In the following we consider the Banach subalgebra (of bounded variation func-
tions on [0,00)) AC(R™T) consisting of absolutely continuous functions on R* such
that lim; o f(t) = 0 with the norm

1 fllac ::/O |/ (s)|ds.

Theorem 3.3. Let D = (D(s))s>0 be a Dirichlet family on a Banach space X.
Define ®p : AC(R') — B(X
/ f(s)D(s)zds, f € AC(RT),

forx € X. Then
(i) ®p is an algebra homomorphism of AC(R™1) into B(X) and

1@o(NI < Illacsup D), f € AC(RT).
(ii) There exist M > 0 and a holomorphic Co-semigroup (T'p(z))ne>0 such that

Tp(z)x = z/ e **D(s)xds, reX,
0

and || Tp(z)]] <M‘ ?] f0r§Rz>0

(iii) There exists a closed and densely defined operator A on X with o(A) C
[0,00) such that

()\—I—A)lxz/ooo mw, z e X, A € C\(—o0,0].

We say that A is the generator of D.
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Proof. Tt is straightforward to check that ®p is a linear and bounded operator and

Op(f)@p(g)r = / / f(t D(t)D(s)xdsdt

/ / f' 09 () Dls)zdsdt + / ) / " P09/ (9)D(t)adsds
/ / J(t dtd3+/ f(t / g'(s)dsdt

=~ [ U050 + 50D = p(fg)a.

0

The functions (e,)g.>o0 belong to AC(R™T), where e, (t) := e ** with ¢ > 0 and
Rz > 0. Then (Pp(e,))nz>o0 is a holomorphic semigroup on X such that

[®p(e.)] < M/ |ze ! |dt = MM, Rz > 0, (3.1)
0 Rz
where M := sup,s [[D(s)|. Now we check that (®p(es))i>o is a Co-semigroup.

Take e > 0. Since D(s)x — x as s — 00, there exists N > 0 such that | D(s)z—z| <
¢ for any s > N. Take 0 <t < %, then

N o0
|1Pp(e)x —z|| < / te_ts|\D(s)x—x||ds+/ te™"||D(s)x — x||ds
0 N

IN

N oo
(M + 1)Hx||/ te "ds + 5/ te”*ds
0 N
(M + D)l|z]|(1 = ™) +ee™™ < (M + 1)l|z]| + e,

A

where we use the inequality 1 —e™¥ < y for y > 0. In conclusion, (Tp(z))rz>0 :=
(®Pp(e.))ne>0 is a holomorphic Cy-semigroup on X. We denote by — A the infinites-
imal generator of (®p(e.))n.>0 and o(A) C [0,00) by (3.1). We apply the Fubini
theorem to obtain that
A+ A) e = /OO e MO p(e)xdt = /00 D(s)x ds
0 0o (A+s)?

for € X and R\ > 0. By holomorphy, we obtain the equality for A € C\(—o0,0].
([l

The algebra homomorphism ®p in the above theorem allows an extension ®p
to functions f such that there exists lims_, o f(s) and f — lim,_ f(s) € AC(RT)
by

B(f) == Dp(f — lim f(s) + lim f(s)L.
This extended functional calculus characterizes well-bounded operators, see [13,
Definition 2.1]. In [13, Theorem 2.4] there are given several characterizations of
well-bounded operators A with o(A) C [0,00). In particular, a densely defined
operator A is a well-bounded operator on [0,00) if and only if (—00,0) C p(A)

and there exists a decomposition of the identity E for X on [0,00) (note that
E :[0,00) — B(X*) where X* is the dual space of X, see [13, Definition 2.2]) such

that ~
o+ Ayt = [T EOR

for r > 0. In the case when X is a reflexive space we can add the following
characterization to [13, Theorem 2.4].

ds, reX,pe X*,
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Corollary 3.4. Let X be a reflexive Banach space. An operator A is well-bounded
on [0,00) if and only if A is the generator of a Dirichlet family, i.e. if and only if
there exists a Dirichlet family (D(s))sso0 C B(X) such that

_ D(s)x
1
(r+ A) x—/o & S)Qd& r e X,

forr>0.

Let X be a Banach space and T' = (T'(t))¢cr a uniformly bounded Cy-group on
X. Now we consider (D% (s))n>1.s>0 C B(X) defined by

N .
DY (s)z := / MT(T).I£7 z e X.
_N r s
Proposition 3.5. Let X be a UMD Banach space and T = (T(t))ier @ uniformly
bounded Co-group on X generated by iA. Then (DT (s))s>o0 is a Dirichlet family,

where
DT (s)x := ]\}im DX (s)x, r e X,s>0,
— 00

whose generator is (A2)z. Moreover let (E(t))ier be the spectral family given in
Theorem 2.4. Then

DT ()0 = %(E(s)x + B(s™ )z — B(—s)z — E(—s)a),
forx € X and s > 0.

Proof. Tt is direct to show that
1
DT (s) = 5(H"(5) ~ BT (~5)),

where (HT(s))ser is the Hilbert family given in Corollary 2.5. We apply Theorem
3.2 to conclude that (DT (s))s>¢ is a Dirichlet family. Let B be the generator of
(DT (s))s>0. By Theorem 3.3 (ii), the operator —B is the infinitesimal generator of
the holomorphic Co-group (T-5(z))r.>0, Where

o 0 N .
t d
T_p(z)r = / ze DT (t)xdt = lim ze_tz/ sin(ir) T(r)x—rdt
0 N —o0 0 _N r s
N [eS) [e'S)
T d d
= lim / A(r)z / e t® sin(tr)dt—r = / %T(r)x—r,
N—oo J_ N T 0 ™ a0 REFT ™
therefore B = (A2)z (see similar case for the Laplacian in [1, p.174]). O

Remark. If X is a UMD space and T = (T'(t))¢cr is the shift group on LP(R; X),
then DT (s) = D(s) for s > 0, where D(s) is the Dirichlet operator considered in
Section 1.

Now let X be a Banach space and C' = (C(t))ier C B(X) a cosine function on
X. For any N > 0, we define (D$(s))n>1.5s50 C B(X) by

N .
DS (s)z =2 / ST oy pe X
0 T T

In a UMD Banach space X,
N
DS (s)x :/

_N r s
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for s > 0, where the Cy-group T' = (T'(t))+cr is given in Theorem 2.6. The next
result is an easy consequence of Proposition 3.5.

Corollary 3.6. Let X be a UMD Banach space and C = (C(t))ier @ uniformly
bounded cosine function on X generated by A. Then (DC(s))s>o is a Dirichlet
family, where

D(s)x := Nlim DS (s)x, x€X,s>0,

whose generator is (—A)z. Moreover let (E(t))icr be the spectral family given in
Corollary 2.7. Then

DY(s)z = %(E(s)x + E(s )z — E(—s)x — E(—s7)z),

forz e X and s > 0.

4. Fejér families of operators

In this section we introduce a Fejér family of operators in an abstract setting.
Every Dirichlet family defines a Fejér family by integration (Theorem 4.2). A
Fejér family determines an algebra homomorphism from a subalgebra of absolutely
continuous functions, see Theorem 4.3. Uniformly bounded Cy-groups, cosine func-
tions and certain holomorphic Cy-semigroups allow us to construct examples of
Fejér families.

Definition 4.1. A Fejér family of operators on a Banach space X is a function
F : [0,00) — B(X) which satisfies the following conditions:
(i) the map t — F(t)x is continuous in any ¢ > 0 and = € X;
(i) F(t)F(s)z = F(s)F(t)x =2 [ F(u)xdu + (t — s)F(s)z, for t > s > 0 and
T € X;
(ili) there exists C' > 0 such that ||[F(¢)| < Ct for any t > 0;
(iv) F(0) =0 and lim¢ o 1 F(t)z =z for x € X.

Theorem 4.2. Let D = (D(s))s>0 be a Dirichlet family on a Banach space X.
Then F' = (F(s))s>0 is a Fejér family, where
F(s)x := / D(u)zdu, 5>0,
0
for x € X. Moreover, there exists C > 0 such that ||F'(s) — F(t)|| < C|s —t| for
s,t > 0.

Proof. We check the condition (ii) of Definition 4.1. Take 0 < s <t and z € X,
then

P(s)F(t)z = /0 D) /0 " D(w)adudr + /O D) / ' D(u)rdudr
= /OS /OT D(u)xdudr + /Os(t —r)D(r)xdr

= /0 F(r)zdr + /0 F(r)xdr + (t —s)F(s)z = 2/0 F(r)zdr + (t — s)F(s)x.

Similarly one computes that F(t)F(s)z = 2 [ F(r)zdr + (t — s)F(s)z for z € X.
It is clear that F'(0) = 0 and now we prove that lim; .. +F(t)z = . Take € > 0.
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Since lim;_, o D(t)z = x, there exists N > 0 such that | D(t)x — z|| < € for t > N.
Now take t > g, and we obtain that

57—l = I | (D)= z)as]

1 N 1 [
Iz [ (D@ =a)ds] + 17 [ (D) - a)as|
0 N
N t— N
< —(sup||D(s)|| +1)+¢ < e(sup |[|D(s)| + 2).
t s>0 t s>0
Note that [|F(t) — F(s)|| < sup.~ ||[D(r)]| [t — s|, for ¢, > 0. O

Remark. It is clear that there exist Fejér families which do not arise by integra-
tion from Dirichlet families, for example, consider the Fejér family (F(s))s>0 C
B(L'(R; X)) defined in Section 1. Now we consider a Lipschitz continuous Fejér
family (F(s))s>0 C B(X) with X a Banach space with the Radon-Nikodym prop-
erty, see definition of this geometric property in [1, Definition 1.2.5]. Under this con-
dition we may conclude that there exists a projection-valued family (P(t)) C B(X)
defined for a.e. t > 0 such that F(s)z = [ P(t)zdt, for z € X and s > 0. It remains
open to conclude that, in fact, we may find a Dirichlet family (D(t));>0 C B(X)
such that F(s)z = [; D(t)xdt, for € X and s > 0.

We may define an algebra homomorphism associated with a Fejér family. To do
this, we consider the Banach algebra, with the pointwise product, AC™) (R*) of
functions f : [0,00) — C with absolutely continuous first derivative f’ such that

lim f(t) = lim tf'(t) =0,
t—oo t—o0
with the norm

nmmm:/|ﬂwm<m.
0

It is direct to prove that AC()(Rt) < AC(R"). Note that the algebra AC™) (R*)
belongs to the class of algebras AC") with v = 2 which was considered in [17].

Theorem 4.3. Let F = (F(s))s>0 be a Fejér family on a Banach space X. Define
Op: ACO(RY) — B(X) by

Sp(f)r = / 1" (s)F(s)xds, fe ACH(RT),
0
for x € X. Then
(i) The map ® is an algebra homomorphism of AC™M(R*) into B(X) and
1
12r (O < [ fllace sw(CIFGD),  fe ACH(RY).

(ii) There exist C > 0 and a holomorphic Cy-semigroup (Tr(z))gr.>0 C B(X)
such that

Tr(2)x = z2/ e *°F(s)xds, z e X,
0

2
and || Tr(2)] < C(@) for Rz > 0.
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(iii) There exists a closed and densely defined operator A on X with o(A) C
[0,00) such that

_ > F(s)z
AA) =2 —Fd X e C\(—
(e to=2 [ 0G0 seX.  AeC\(-ox0
We say that A is the generator of F.

Proof. To check that @ is an algebra homomorphism, we use the condition (ii) of
Definition 4.1 and the Fubini theorem,

Or(f)Or(g)r = / h / " (0 g" (5)F (1) F(s)adsdt

= /oo f”(t)/ g"(s)F(t)F(s)zdsdt + /000 () /too g"(s)F(t)F(s)xdsdt

f (t) u)xdudsdt + /00 f"(t)/ g"(s)(t — s)F(s)xdsdt

W [ o [ Fo
f” g”(s) /t F(u)zdudsdt + / It /OO g"(s)(s — t)F(t)xdsdt
1o [P

Yedudtds + / / (@) VE(s)xdtds
f”(t)g’(t)dtdu+ /O ") gt)F(t)xdt
~ 2 / Flu / (9" (5)f'(s) + " ()g'(s))dsd
+ /O ") f () F(t)dt + / (g (8 F (t)adt = / " (Fo) (0 F (D,

0
for x € X.
We take again the functions (e,)x.>o which were used in the proof of Theorem
3.3. The functions (e,)p.>o belong to ACM(R*) and then (®r(e.))n->0 is a
holomorphic semigroup on X such that

9] 2
1Pr(e)] < C/ |22te ™! |dt = C (J;Z) , Rz>0, (4.1)
0

where C' := sup,- (1 ||F(s)]]). In a similar way as in Theorem 3.3 (ii), we can check
that (Pr(et))i>o is a Co-semigroup. In this case, we omit the details. In conclusion,
(Tr(2))nz>0 = (Pr(ez))ne>0 is a holomorphic Cy-semigroup on X and

oo
Dr(e,)r = z2/ e *F(s)xzds, z e X.
0

We denote by —A the infinitesimal generator of (P (e,))n.>0 and o(A) C [0,00)
by (4.1). Note that

_ _ > F(s)x
1 At
AN+A) = /0 e N Pp(e)xdt = 2/0 Ot o) ds,

for z € X, ®X > 0 and then for A\ € C\(—o0,0]. O

Remark. In the case when D is a Dirichlet family generated by A on a Banach
space X, the associated Fejér family F', given in Theorem 4.2, is also generated by

A.
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In the rest of this section we define Fejér families from certain families of op-
erators on arbitrary Banach spaces. The following result is a partial converse to
Theorem 4.3. Note that the assumption (4.2) below with « € [0,1) implies (4.2)
with @ = 1 (i.e. the property in part (ii) of Theorem 3.3), and this implies (4.2)
with a = 2 (i.e. the property in part (ii) of Theorem 4.3).

Theorem 4.4. Let (T(z))n.>0 be a holomorphic Cy-semigroup generated by —A
on a Banach space X such that

||

IT(2)| <C <§Rz>a . Rz>0, (4.2)

with 0 < a < 1. Then (FT(s))s>0 is a Fejér family on X and A is its generator,
where

1 T
FT(s)x := — (ZQ):E
27 Jp,—1 2

e**dz, reX,

and Tpr =T where Tpr is given in Theorem 4.3 (ii).

Proof. Changing the path of integration to fz = %, we obtain that |FT(s)|| < Cys

for s > 0 as in [17, Lemma 6.1]. Take 0 < s < ¢, u € C with u = 2, the residue
theorem implies that

L/ ez(s—t) g — (t _ S)e(s—t)u N 2e(s—t)u
2mt Jjp,—1 2

2(27’[1,)2 u2 u3

)

and
1 T(z)x
27t Sy 28

dz =0, z € X,

where in the second integral we have changed the path of integration to Rz = R
and let R — oo. By the Fubini theorem and the above equalities, we obtain that

1 1 ez(sft)
FT(s)FT(t)x = — T(u)ze™ — ————dzdu
270 2 270 Jypoey 22(2 — u)?
_ (t—s) / T(u)xe"s 2 / T(u)xe®s p
2mi Jpues U2 210 Jpume U3 “

= —8)FT(s)x T (r)xdr
= (¢ )F()+2/OF()d

for 0 < s < t. In a same way we compute F7 (s)FT(t) for 0 < s < t. To check that
L1FT(s)z — x as s — oo, note that

1 1 T —
~FT(s)z —2 = / ezsmdz
Rz=1

s 2mis 22
for s > 0 and
1 T+ it)x —
P () - < o [ 10Tl
s 27s |1+ it|?

— 00

Co [ 1 1
< 2 dt
= 7 /OO i [+ =l
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where Cs is a constant independent of s. Note that

2 T e
Ppr(e)r = i/ (UQ):E/ e G dsduy,
270 Jpu=1 U 0
22 T(u)x

270 Sy w2 (z — u) " (2)z,
where we apply the vector-valued Cauchy theorem for 2z > 1 and z € X. By
holomorphic extension, we conclude that ®pr(e,) = T(z) for Rz > 0. Since —A
is the generator of (T(z))g.>0, we conclude that A is the generator of (F7(s))s>0
and Tpr =T. O

Remark. Taking into account Theorem 4.3 and Theorem 4.4, we may conclude
that certain holomorphic Cy-semigroups and Fejér families are equivalent concepts
except for a growth condition. Moreover, if we take a Fejér family such that the
Co-semigroup (Tr(z))rz>0 given in Theorem 4.3 (ii) satisfies (4.2) with some 0 <
a <1, then FTr = F.

Fejér families FT defined from certain holomorphic Cp-semigroups have been
considered in [17, Theorem 4.1], where they are called Bochner-Riesz kernel opera-
tors of first order, written by G, and used to define a functional calculus associated
with the infinitesimal generator of the holomorphic semigroup.

Remark. Using [13, Theorem 3.1], well-bounded operators on [0,00) may be

characterized in terms of the existence of Lipschitz continuous Fejér families. In a

precise way, suppose that A is densely defined. Then A is well-bounded on [0, c0)

if and only if there exists a Lipschitz continuous Fejér family (F'(s))s>o such that
F(s)x

()\+A)_1.'I}:2/0 mds, $EX, )\EC\(—O0,0],

for x € X. Compare with Corollary 3.4 and the paragraph in front of it.

Corollary 4.5. Let C = (C(t))ier be a uniformly bounded cosine function gener-
ated by A on a Banach space X. Then the family of operators (FC(s))s>o defined

by
1 - t dt
FY(s)z = 2/ cizs(S)C(t)x—, z e X,
0 t Y
is a Fejér family whose generator is (—A)2.
Let T = (T(t))ter be a uniformly bounded Cy-group generated by iA on Banach
space X. Then the family of operators (FT(s))s>o defined by

FT(s)z = /Oo “ii‘f(‘sﬂm)x% zeX, (4.3)

is a Fejér family whose generator is (AZ)%.
Proof. Let C = (C(t))ter be a uniformly bounded cosine function generated by

A. It is well-know that —(—A)% is the infinitesimal generator of a holomorphic
Co-semigroup (T'(z))n.>0 given by

o dt
T(z)x:2/ %C(t)x—, Rz>0, zeX
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Note that

Rz

with C; > 0 and 0 < a < 1 ([17, p. 348]). By Theorem 4.4, (—A)= is the generator
of a Fejér family (F¢(s))s>0 such that

FC(s)x ::2/ C’(t)aci/ Ldzﬂ :2/ 1LOS(St)C’(t)aU@,
0 z=1 2( 0

2mi 2242w t2 T

|T(z)| < Cilog(2+ J%) <0y <|Z|>

for x € X and we obtain the result.
In the case that i A generates a uniformly bounded Cy-group 7' = (T'(t))ter, then
— A2 generates a cosine function and we apply the first part of the proof. O

Remarks. In the case when X is a UMD space, Corollary 4.5 is a consequence of
Proposition 3.5, Corollary 3.6 and Theorem 4.2.

Note that if T = (T'(t))¢er is the shift group defined on LP(R; X), then F7(s) is
the Fejér operator F(s) defined in Section 1.

Fejér families defined by cosine functions have been studied in [21]. There the
definition is quite different than our: they consider the limit of complex integrals
which involve resolvent operators of cosine functions, see [21, p. 189]. To manage
with it, they need a very skilful handling with complex variable methods. Our
techniques help to simplify the proof of [21, Theorem 1].

5. Examples

In the next examples we consider function spaces, X, which are not UMD spaces
and uniformly bounded Cy-groups of operators, T', defined on these spaces. We
show that the Hilbert family, (H7T(s))ser, and the Dirichlet family, (DT (s))s>0,
may be or may not be defined.

Example 5.1. Let A be the multiplication operator (Af)(t) := itf(t) considered
on some space of functions X and let (T'(s)f)(t) := et f(t),

H 60 = L [ S0 = s - 9500
D@0 = [ FEEON0T = (ean® + X O)0).

In the case X = (L*(R), || 1), T = (T(t))er is the uniformly bounded Cy-group
generated by A and H” resp. D7 is a Hilbert resp. Dirichlet family. But if we take
X = (C([7,27]), | |lso), one can see that HT (s), DT(s) are not always bounded
operators (e.g. H7T(s) € B(X) if and only if s € R\ [r,27]), in particular they
do not define a Hilbert resp. Dirichlet family, although T is still the Cy-group
generated by A.

Example 5.2. Consider the operator Af = —f" on X = (Cor(R),| |ls) the
Banach space of continuous, 27-periodic complex valued functions. As a Fourier

multiplier A can be expressed as Af(n) = —mf(n) It is the infinitesimal generator

of the shift Co-group T = (T(t))ier, T(t)f(¢) := f(t + ¢). For trigonometric poly-

nomials P(p) = 37", P(j)e”¥ we can define the (Fourier multiplier) operators
Z. m

(HT(5)P)(0) == / P = Y sen(s— PG, (5.)

s r .
j=-m
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peR seR

As a consequence of [24, VII. (2.3)], one can prove that HT(0) ¢ B(X). Write
s=mn-+r withn € Z and r € [0,1). For a trigonometric polynomial we compute

(HT(n)P)(p) = €™ HT (0)(e" ™ P(¥))(p), ¢ €ER. (5.2)
Since sgn(s — j) = sgn(n — j) + x(0,1)(7)x¢n} (j) for j € Z, we obtain
(H"(s)P)(p) = (H"(n)P)(¢) + Xx(0.1) (1) P(—=n)e ™", o €R.

Therefore H”(s) is not a bounded operator on X.

Take s > 0, s=n+r withn € Z, r € [0,1) and Q(p) = Ey;fm Q(j)e% an
arbitrary trigonometric polynomial. Then one can define

T o sin(ts)
(DT (5)Q)(g) = / sints)

Tt
m

= Y G [ e

R t m

j=—m
1 A —in A in
= (Du(@))(9) = Hx10} (N(Q(=n)e™™"* + Q(n)e™?),
where D,, is given by
min(n,m)
Da(@Q)(p) = Y. QU)E?,  peR
j=—min(n,m)

It is clear that DT (s) € B(X) if and only if D,, € B(X). Since | D, || ~ log(n), ([24,
p. 67]), we conclude that (DT (s))s=0 C B(X) although sup, ||[DT(s)| = .

Example 5.3. Now we identify the 2m-periodic functions on R with functions
defined on the unit circle T. The following space and Cy-group have appeared in
[6, Example 5.4]. Let C(T) be the set of continuous functions on T. We consider
X}, the linear span in C(T) of the functions {z — 27/ ; —k < j < k} and equipped
with || |leo- We consider the Banach space (X,| |x) given by

X=PXe. Il =D Il
k=1 k=1

where f = @, fr- The Banach space X is reflexive. We define the Cy-group
T = (T(t))ter by T(t) := @y Ti(t), where

Te®)f(z) = f(e"/F2),  z€T,
for k > 1. Note that ||Tx(¢)|| < 1 and then [|T(t)|] <1 for t € R.
Take f = @re; [, fx € Xk with fi(2) = Z?:qc fre(j)7z7 and we define

o0 o0

HY(s)f := @HT’“(s)fk, DT(s)f := @DTk(s)fk,
k=1 k=1
where

k . . 4

(H™)f)() = Y sen(52 + /@), z€T. scR,
j=—k

(DH)f)E) = 3 RF 4y 3 A6, €T, 550,
l7l<ks lil=sk
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DTx(0) := 0.

One can follow similar ideas as in the Example 5.2 to conclude that H”(s) ¢
B(X) for s € (—1,1), DT(s) € B(X) for s € (0,1), H'(s) € B(X) for |s| > 1 and
DT (s) € B(X) for s =0 and s > 1.
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