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Abstract

Let pp and py be measures supported on an unbounded interval
and S, 5, the extremal varying Sobolev polynomial which minimizes

(P, P)y, :/Pzd,uo—&-)\n/P'Qd,ul, An >0

in the class of all monic polynomials of degree n. The goal of this
paper is twofold. On one hand, we discuss how to balance both terms
of this inner product, that is, how to choose a sequence (A,) such that
both measures po and p; play a role in the asymptotics of (Sy.»,) . On
the other, we apply such ideas to the case when both pg and py are
Freud weights. Asymptotics for the corresponding S, 5, are computed,
illustrating the accuracy of the choice of A, .
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1 Introduction

One of the central problems in the analytic theory of orthogonal polynomials
is the study of their asymptotic behavior. In this paper we are concerned
with the asymptotic properties of Sobolev orthogonal polynomials, that is
polynomials orthogonal with respect to an inner product involving deriva-
tives. In this sense, given pg and pp finite Borel measures supported on an
interval I C R and A > 0 we consider the Sobolev inner product

(P.Qu= [ PQdu+ A [ P'Qdm (1)

in the space of all polynomials with real coefficients.

We denote by P, .y, P, and S, ) the corresponding monic polynomials
orthogonal with respect to g, 1 and (-, -)», respectively.

Let po and g be measures compactly supported on R. Whether (po, 1)
is a coherent pair, which means that there exist nonzero constants o,, such
that the corresponding monic polynomials satisfy for each n

Py, = P;H_LMO +o PAMO

n

n+1 n

or, if po and p; fulfill much milder conditions, i.e., they belong to the well
known Szeg6 class, it has been established (see [9] and [8]) that the ratio

asymptotics

lim Sn,)x(z) _ 2

n—o0 Py (2)  ¢'(2)
holds uniformly on compact subsets of C\ [—1, 1], where ¢(2) = z+ V22 — 1
with V22 —1 > 0 when 2z > 1. In other words, the measure po does not
appear explicitly within the asymptotic expression.

Nevertheless, a closer look at the inner product (1) explains the “dom-
inance” of the measure p; in the asymptotics: the derivative makes the
leading coefficient of the polynomials in the second integral of (1) be multi-
plied by the degree of the polynomial. Thus, if we want both measures to
have an impact on the behavior of the polynomials for n — oo, it seems nat-
ural to “balance” the inner product, that is, to compensate both integrals
by introducing a varying parameter A,.

In a general framework, we consider the varying Sobolev inner product
(P,Q)x,- We denote by S, », the monic polynomial which minimizes the
expression (Qn, @Qn)», in the class of all monic polynomials @, of degree n.




Concerning the choice of the varying parameter A, it is interesting to
write the expression of the Sobolev inner product in terms of monic polyno-
mials, that is

@@, = [[(@udu + 2 [ (i) . @)

In this expression each integral in the right hand side is bounded from below
by [ P2, duo and [ P?_ | dui, respectively, as long as Qn is a monic
polynomial of degree n.

If the measures pp and p; are supported on the same bounded inter-
val where they satisfy the Szegd condition, then [ Pr%,uo dpy behaves as

[ P2 dpy, when n — oo. More precisely, the rati m h
n—1,u1 @M1, . precisely, the ratio fP,%,l . i as a
limit. Therefore, in order to balance both terms in (2) it is natural to keep
An, 2 bounded.
In fact, it was proved in [1] that if (A\,) is a decreasing sequence of

positive real numbers such that lim, A\, n? € (0, +00) then

3 SnvA’n (Z) _
lim ———— =1

n—00 Rn(z)
locally uniformly in C \ [~1, 1], where (R,,) is the sequence of monic poly-
nomials orthogonal with respect to a measure constructed as a certain com-
bination of the measures pg and p;.

Let us consider now that the measures pg and p; are supported on an
unbounded interval. There are many asymptotic results (strong asymptot-
ics) for the monic polynomials S, » orthogonal with respect to the inner
product (1) for a fixed A; see for instance [2] and [11] for coherent pairs,
[3] and [4] for Freud weights and, more recently, the survey [7]. But as far
as we know, nothing has been said about asymptotics in the balanced case.
In this sense, the first question that should be answered is: what is the ap-
propriate choice for the sequence (\,)? We understand by this a sequence
of parameters for which polynomials S, , exhibit a nontrivial asymptotic
behavior, depending on both measures pg and p1. One of the goals of this
paper is to raise that A\, = n~?2 is not, in general, the right choice when the
support of pg and p; is unbounded.

The structure of the paper is as follows. In Section 2, we use heuristic ar-
guments, based on potential theory, about the “size” of \,, in order to achieve
an appropriate “balancing”. In this sense, the Mhaskar—Rakhmanov—Saff



numbers turn out to be a powerful tool. On account of the above results, in
Section 3 we obtain asymptotics for Sobolev polynomials and their norms
for a particular case of Freud weights, which illustrates that the choice of
A, 1S accurate.

2 Selection of the parameters

We point out some heuristic reasonings about the asymptotic behavior of
the parameters A, in order to balance both terms in the varying Sobolev
inner product (P, @), -

Firstly, we recall some basic tools from the classical potential theory with
external field which will be used later on.

Let pu be a probability measure with support in a closed set 3 of the
complex plane. Recall that, the logarithmic potential V* associated with u
is defined by V#(z) = — [log |2 —t| du(t). Let us assume that w(z) = e~?(?)
is an admissible and continuous weight function in . It is well known that
there exists a unique probability measure p,,, called extremal or equilibrium
measure associated with w, minimizing the weighted energy:

Lo(p) = /E (VA (2) +2Q(2)) du(2)

for all probability measures with support in 3. This measure f,, is compactly
supported and there exists a constant F,, (the modified Robin constant of
¥) such that VH#»(2) 4+ Q(z) = F,, quasi-everywhere on supp(f), see [14,
Theorem 1.3, p. 27]. Moreover, if ) is an even function with some additional
properties it can be deduced that

[|w™ QnHLoo(E) = [lw™ QnHLoo(supp(uw))

for every polynomial @, of degree < n, see [14, p. 203|. As a straightforward
application of these results, we can obtain for weighted polynomials a sym-
metric compact interval on which its supremum norm lives, more precisely,
we have

1w Qnll Lo (s) = W QnllLos ((—an,an])

for every polynomial @, of degree < n. The number a,, (n > 1) is the so—
called n—th Mhaskar—Rakhmanov—Saff number for ), that is, the positive
root of the equation

2 1 /
n:/ Mdt.
™ Jo Vv1—t?

b}



The link between the equilibrium measure and the asymptotics of or-
thogonal polynomials is given by the following observation: for a polynomial
Qn(z) = (z—c1)(z —c2)...(2 — ¢,) we can write log |Qn(2)] = —n V" (2)
where v, is the normalized counting measure on the zeros of @), that is,
Vp = 2577 1 6, Then |w"(2) Qn(2)[/™ = e~ (V" ()H+QE)),

If we denote by T}, ., the n—th weighted monic Chebyshev polynomial
corresponding to w, that is, the solution of the extremal problem

inf{||lw” QnllL.(); @n(z) =2"+...}

then

. 1/n _ -F
nlgglo |w™ meHLoo(z) =e Y,

see [14, Theorem 3.1, p. 163].
Keeping in mind our balance problem, we are interested in the asymp-
totic behavior of the Lo—norm in [—1, 1] with varying weights. Since

n 1/n
i (Ilw inlLooamD) 1

|w™ Qnll Lo ((=1,1))

n—oo

for every polynomial of degree n, (see [15, Theorem 3.2.1, p. 65]), the asymp-
totic extremality of |jw" QnHi/;(L[,l 1) can be thought as the corresponding

one of ||w" QnHILC([
extremal problem

inf{||w" QullLy(=1,1)); @n(2) = 2" +...}

it can be deduced (see [15, Theorem 3.3.3, p. 78]) that there exists

_11))° In fact, if we denote by P, ,» the solution of the

. n 1/n
Jim ™ P |11y (3)

From now on, f,(z) ~ gn(z) in a domain D will denote that there are
positive constants Cq, Co such that Cig,(x) < fun(z) < Cygn(z), for all
x € D and n large enough.

In relation with our problem, we consider the varying Sobolev inner
product (-,-)\, where dy; = W?(x)dz, i = 0,1. Here, we assume that
W(z) = e 9@ is a weight function where Q : I = (—¢,¢) — [0, +00) is
a convex, smooth, and even function with Q(¢™) = +o00 = Q((—c)*) and
Q(x) = 0 only for x = 0 (we take @ an even function for simplicity). For



these weights W, see [5, Theorem 4.1, p. 95|, the Lo—norm on I for weighted
polynomials is asymptotically equivalent to the Lo—mnorm on a compact in-
terval. More precisely,

|’WQH|’L2([*an+1,an+1]) S ”WQTZ”LQ([) S \/iHWQn||L2([7Qn+1,an+1]) (4)

holds for every n and every polynomial @),, with degree < n, where a,, are
the Mhaskar—-Rakhmanov—Saff numbers associated with Q.
From (4), we deduce that for every polynomial Q,(z) = 2" + ...

<Qn7Qn>)\n (5)
N /_ 02 () W2(w) d + A /_ QL) WR(e) da

1 1 9
— it | [ Qs W anatiit + 0 [ (@ariat)* WHarat]

=a2"i! [/ U2(t) W2(ans1t) dt + 2 ) / vz, (anﬂt)dt},
n+

where U, and V,,_; are monic polynomials of degree n and n—1, respectively.

Observe that (5) remains true if we take du; = L; W?(z)dz, i = 0,1,
where Ly and L are any positive constants. At first sight, the presence of
the constants L; could seem irrelevant but in the next section it will allow us
to give an alternative reading to explain why our selection of A\, is accurate.

Therefore, in order to balance both terms in (5) it is reasonable to require
the following:

i) Apn? ~aZ,;.

ii) the asymptotic extremality of the Lo(W?2(an41t), [~1,1])-norm for
monic polynomials of degree n behaves as the corresponding one of
degree n — 1.

The previous results about potential theory lead us to think that a suf-
ficient condition to get ii) is

WY (apy1t) ~ w(t), Vte(—1,1) (6)

where w is an admissible and continuous weight function.

Concerning the choice of the parameters \,, observe that, when the sup-
port of the measures po and s is unbounded, the size of A, as n =2 is not



the right one, in general. If the weight satisfies (6), the choice of the para-
meters depends on the distribution of the measure W?(t) dt, that is, on the
corresponding Mhaskar—Rakhmanov—Saff numbers.

We would like to point out that these ideas can be also applied in a
more general framework. Indeed, consider a Sobolev inner product with
two different weights, I/VO2 and W2, which are linked in such a way so that
(-,-)x, can be expressed in terms of only one weight (either W¢ or W?3)
satisfying condition (6). Actually, important examples in this situation are
the Hermite coherent pairs. Notice that if the pair of measures (W3, W#)
constitutes a Hermite symmetrically coherent pair (see [2] and [11]), then
either

L We(zx) = (2* +a?) e~ and Wi(z) = e acR, or

2
e(E

24 a%’

I Wg(x) = e~ and Wi(z) = .

a € R\ {0}.
In both cases we have

(@ Qur, = /R [Q2(2)(a? + a?)] W2(z) i + M, / (QL(x))® W2(z) da,

R
and it is not difficult to check that

Qns Qn)r, ! Apn® [
% ~ UT2L+1 (t)W12 (an+2t) dt + 4 V,f_l (t) WIZ(CLTH_Qt) dt,
Gpt2 -1 Upt2 J-1

where in each case a, are the Mhaskar—-Rakhmanov—Saff numbers for the
corresponding weight Wi, and U,41 and V,_; are monic polynomials of
degree n 4+ 1 and n — 1, respectively.

Since In V2, observe that

N
lim W™ (ansot) = e, Vte (=1,1)

n—oo
and therefore, according to the theory stated above, the adequate choice of

An, should be \,, ~ af; 1o n~2. In other words, )\, ~ constant. Hence, it can
be said that the Hermite—Sobolev coherent inner products are self-balanced.

3 Freud—Sobolev orthogonal polynomials

We are going to test the arguments developed in the previous section for the
case of a Sobolev inner product related to Freud weights. The simplest exam-
ple corresponds to W (z) = Wi(z) = e~*", but this is a trivial case since for



any choice of A\, the Sobolev orthogonal polynomial S, », is the n—th monic
Hermite polynomial. In this section, we show asymptotics for the Sobolev
orthogonal polynomials with W?2(x) = WZ(x) = Wi(z) = exp(—z*).

Throughout the section, (F,),>0 denotes the sequence of monic polyno-
mials orthogonal with respect to the weight W2, || - || stands for the L?(W?)-
norm, and Sy, », is the monic polynomial which minimizes

(Qns Qu)n, = /R Q2 () W2(x) du + M, /R (@) () W2 () da

in the class of all monic polynomials of degree n.

The Mhaskar-Rakhmanov-Saff numbers for W (z) = exp(—xz*/2) satisfy
1/4 and therefore condition (6) holds for W. As we have explained in
Section 2, to balance this Sobolev inner product we must take \, n? ~ a% 115

ap ~ N

that is, A, like n~3/2 when n — .
S,
Next, we study the asymptotic behavior of the ratio %A” showing that

the choice of A\, provides the reasonable one in a sense we will explain
later. For technical reasons some additional constraints should be imposed
on parameters \,, so we deal with a decreasing sequence (\,) of positive
real numbers such that

lim n3/2)\, = L € [0, +00] , (7)
and \
im n™/*(Ap_g — Ap) =0 = lim n'/* (K‘Q - 1) . (8)

Notice that the sequence \, = n~3/2 satisfies (7) and (8).

Proposition 1 Let (\,) be a decreasing sequence of positive real numbers
which satisfies )‘;;2 — 1 and n*?X\, — L € [0, +0c]. Then

s i) 1 if L=0
N A PnAn /A ) 2L 20L+3\/§> ;
k(L) : nh_)ngo AL N go( ST if 0<L<+o00 (9)
+00 if L =+o0,

where o(z) =+ Va2 — 1.

Proof. We consider the Fourier expansion of the polynomial P, in terms
of the basis (S, 1, )m>0. Because of the weight e~*" is a symmetric function



we have

n—2
j=0
where

4
(Prs Sjan)n An g Pr(2)S)y (2)e™" dx
(SjAns SiAn ) An (S5 2m5 5720 ) ’

Since the orthogonal polynomials P, satisfy the following structure re-
lation, (see [12]),

aj(An) = 0<j<n-2.

4P

Pl (2) =nPy_1(2) + ——
”Pn—3H2

Pn—3(z)7 (10)

the coefficients aj(\y,) vanish for 0 < j <n —2. For j =n — 2 we get

4(n —2) A [| Pl f?

n—2(An) = ’
@n=2(An) (S22 Sn—22,)An

(11)

and therefore
Po(z) = Sy, (2) + an—2(An)Sn—2.,(2), n>3. (12)

From now on, we will write £, (M) = (Smrns Sman)Ans 7,m > 0.
Now, observe that (12) leads to

Kn()\n) = <Pn - an—Q(An)Sn—Q,)\na P, - O‘n—Z()\n)Sn—2,)\n>)\n

= /R |:(Pn - Oén—Q()\n)Sn—Q,)\n)Q + A (P;L — an—2()\n) ;172’)\71)2] e_x4 .

Then, using (10) and the orthogonality of P, with respect to the weight

24

function e~* , we have:

Kn(An) = HPn||2 +n® An ||Pn71H2 —8(n —2) Ay an—2(Ay) ||Pn||2
s

2
1B T heaOn) rn2O).

+16 Ay
Taking into account the value of a,_2()\,;) given by (11), we get

2
fin(An) = || Pall? (Bn()\n) - An(/\n)/%) . n >3, (13)

10



where

n—2(An—2) HPHH2
A, (\) = 16M,2 (n — 2)2 2 2(
() (= a0 1Paal?
1P 2 1P 12
B, (\,) = 1+)\nn27 + 16\, ———=.
(An) AL 1Pl

Next, we study lim,, By, (\y,) and lim,, 4,,(\,,). First, recall that the poly-
nomials P, satisfy (see [12])

2
lim YLy 5 (14)

n—oo [ Py?

On the other hand, lim m
n—00 K’n72(>\n)

on A\, and using the extremal property of the norms of monic orthogonal

= 1. Indeed, from the assumptions

polynomials, we have

En—2(>\n) < ﬁn—Q(An—Q) < (San,)\n; Snf2,)\n>)\n_2
o An—2 An
B An >\n—2

)\n—Z
An

HSan)\n H2 + /\nHS;L—Z,An HQ < Kn—2(An)-

Since ’\K;Z — 1, it follows

lim Rn—2 ()\n—2)

Jim === =1. (15)

Firstly, let us suppose that 0 < L < +o00. Then from (15) and (14) we
deduce that

2 4
lim B,(\,) =1+ 50\/§L, and lim A,(\,) = gL2. (16)

n—00 n—00
To obtain (9) observe that denoting s, = r,(\n) /|| Pall?; (13) becomes
1

Sp—2

Sn = Bn(An) — An(An) (17)

Writing (17) for even indices and introducing a new sequence (g, ) by means
of gn11 = S2nqn, the above difference equation becomes

dn+1 — Ban(A2n)@n + A2n(A2n)@n-1 =0,

whose characteristic equation

20 4
¢ — (1+9\/§L>q+3L2:0 (18)

11



has two simple and real roots with distinct moduli. Thus, Poincaré’ s The-
dn+1

orem (see, e.g., [10]) assures that = S9, converges to a root of (18).

n
The extremal property of the norms yields
Kin(An) = HPnHQ + An nQHPn—l”Qa

and therefore, using (14)

P 2
= lim sy, > 1+ lim A%(zn)?M = 1+2V3L.
n—00 n—o0 ”PQn”

So, it follows easily that | = & [9 +20v/3 L+ \/T68L2 + 360v/3L + 81} :

Notice that, if L € (0,400), then [ = 2—\/% @(20%2‘/5).

In a similar way, we also prove that s9,11 converges to [. As a conclusion,
there exists lim, s, = | = k(L), and so for L € [0,400) the Proposition
follows.

To finish the proof, let us now assume that L = 4+oco. From (15) and (14)
we have
An(An) 4 Bn(An) 20

O] 2 and i =
n—oo ()‘n n3/2)2 3 an nl—{go )\n n3/2 9

3.

Upon applying the same technique as in the case L < +oo and replacing s,
by sn/(An n?/?), we obtain

. Sn T ’in()\n) o
BN W TRl wor T TN PR 1
Clearly, — 400 when n tends to infinity and we conclude our state-

[P 1
ment. O

The main result of this section is the following:

Theorem 1 Let (\,) be a decreasing sequence of positive real numbers such

that limy n7/4(Ap_a — Ap) = 0 = lim, n'/* (*;—;2 - 1) L If

lim n%/2)\, = L € [0, 400],

n—oo

12



then

1 if L=0
1
lim 7571’)\“ <z) = V3 -1
e Pa(z) | 1- | (252 )]
3/2 if L =400,

if 0 <L <+

holds uniformly on compact subsets of C\ R.

Remarks. 1. The choice A\, = constant, which corresponds to a non—
balanced inner product, is a particular case of L = 400, and then Theorem
1 recovers the result already obtained in [3].

2. When L € (0,4+00) the above result has also the following reading.
Write

(P, Q)x, = /RP(fﬂ)Q(w) W?(x) dfv+/\n/RP'($) Q'(x) [LW?(2)] da.

Sn
If A, = n~%2(1 + o(1)) then lim ?)‘" depends on L, that is, on the ratio

n—00 n
of the weights.

However, for any other choice of \;,’s the dependence on L disappears,
in particular for A\, = n~2 (the right choice in the bounded case) and for
An, = constant (the non—balanced case). This shows that our selection of A,
is accurate since the asymptotic behavior of Sobolev orthogonal polynomials
Sn. depends on both measures.

To prove Theorem 1 we will use the following result on the strong as-
ymptotics of P,, which appears in [6, Section 3]:
. Py(2) Dy, (z) 1

lim = 20

TR o o) Vo 2
uniformly on compact subsets of C\R. Here, a,, are the Mhaskar—-Rakhmanov—
Saff numbers associated with the weight function W, p(z) = z+v22 — 1 is
the conformal mapping from C\ [—1, 1] onto the exterior of the unit circle,
and

2 42 Qan _t4
D, (z) = exp ( Vv 2277 an, : t2dt> , 2€C\ [—an,an)].

—an (Z — t) ay —

(21)

13



We would like to remark that, for z € C\ [—ay, ay],

Dp(2) =D <¢(;%),W3> ,

where W2 is the weight function on the unit circle T defined by
W2(e?) = W2(ay cosb), 6 ¢ [—m ],
and

1 2m 10
D(w, W2) = exp (/ 84 +wloan(0)d0>, w| < 1.
0

27 el —

It is well known that D(.,W;?) is holomorphic in the open unit disk D,
belongs to the Hardy space H?(ID), and satisfies:

(1) D(w,W2)#0, for weD
(2) D(0,W2) >0

(3) for almost every ¢ in the unit circle, D(., W2) has nontangential bound-
ary values D(¢, W2) such that |D(¢, W2)|? = W2(¢),

(see, for instance, [13]).
Next, we prove a technical result that will be also used in the proof of
Theorem 1.

Lemma 1 Assume that the sequence (\,) satisfies the same conditions as
in Theorem 1, then

. Sn,)\n_z (Z) - Sn,)\n (Z)

lim =0,
n—oo P,(2)

uniformly on compact subsets of C\ R.

Proof. On account of (20), it suffices to prove that

llm Sna>\n72 (Z) - Sn,)\n (Z)
n—oo || Pyl " t1/2(2/an)

D,(z)=0

uniformly on compact subsets of C \ R. To see this we will prove:

14



i) for every compact set K in C\ R, there exists a constant M, not
depending on n, such that for n large enough

Sn An—2 (Z) - Sn A (Z) 2
Sup »\n y\n Dn Z
ek | | Pall o™ t1/2(2/an) ®

an Sn _Sn 2
[ S O

—an

and

ii)

i g [ 52cs(5)— S o)
im an,

W2(x)dx = 0.
Ak (=)

—
n—00 —an

The key idea to prove ) is to use the conformal mapping ¢(z/a,) which
applies C \ [—ap,a,] onto Q = {z € C;|z| > 1}, and the Cauchy integral
representation for functions in H2(Q2). Here, H?(Q) denotes the space of
analytic functions f in 2, with limit at co and such that f (%) belongs to the
Hardy space H?(D). From the Cauchy integral representation for functions
in H?(D), see [13], we have that if f € H?(f2) then

_ b Q) w
f(w)——2m_ et C—w CdC, w e N (22)

where f*(¢) = lim,~ f(r ¢) and the unit circle is positively oriented.
In order to prove i), given a compact set K in C \ R, there exists an
absolute constant C'xr > 0 such that

\/z2—a2|>Ck, Vze K, VYn>0.
Therefore, if z € K,

‘SHM(Z) P (™)

2

1 Pall o 172z /) “Jan
1 [ Spr, o (2) = Sur, (2) ( 1 2>2
< =5 D Wy 22 —a?
Crc | [Pule™ 2 (zfan) — \o(z/an) | |
1
- __|F,
1)
where
_ (SnyAn—Q _ Sny)\n)(a’n (pfl(w>) 1 2 ? 1 9
o) = | e B2 0 p (L w2)| o T

15



with w = p(z/ay,).
It is easy to check that F,, € H?(f) and its boundary values are

4 Sy, — S )2 (an 0
et = L ||ze;~?§3+<1?e O50) 172 4, cos B)an /o2 — 1.

Moreover, if we denote by K, = {¢(z/a,);z € K}, straightforward
computations yield that there exists an absolute constant Ax > 0 such that
the distance between K, and the unit circle satisfies d(K,,,T) > Ak /ay, for
n large enough. Then, from the integral formula (22) applied to F;, we have
for w € K,

|Fy(w)| < B an / F5(0)] <]

I¢|=1
T (Sy — S ) (an 6
= Bk an/ (Snrocs ‘PA,T,LQ) (an cos )Wz(an cos ) ay,|sen 0| df
n (Spa,_s — S, 2(z
=2, [ St g w0

where By is an absolute positive constant depending only on K. So i) is
proved.

In order to deduce ii), observe that

/R 1Sz () = Sy, (@) PW2(2) dz < (Snx,_s = Snns Sndn_s — Sndn)An
= (SnAn—2:Sndn—2) A0 — (Sn s Sndn) A

= 0 ha2) (= daca) [ 10, (0 WHGe) do = 1)

< kn(An—2) — En(An).

Therefore, for every n we get

a /an |Sn7>\n—2 (':U) - Sn7>\n ('1:)|2
1P 2

"Qn()\n—Q) - Hn()\n)
1P|

1/4 Kn(An—2) = kn(An)
[P I

W2(x)dx < a,

—an

1/4

Finally, since a, ~ n'/* it is enough to prove that n

tends to 0 when n tends to infinity. Indeed, since

An

n—2

0 < fn(An2) — (M) < (1 - ) fnOn2),
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we have

1ﬂlﬁn(An—2)_'Hn(An> < hq (1<_ An ) Hn(An)Hn(An_Q)
2 sn 2 :

| ]| A2 /) [[Pull? Kn(An)
Hn(/\n72)

Kn(An)
Proposition 1, (8), and (19) to conclude i) and therefore the proof of the

Lemma. O
Proof of Theorem 1. The algebraic relation between the polynomials P,
and the Sobolev polynomials given by (12) can be rewritten for \,,_o as

Pn(z) = Sn)\n72 (Z) + O‘n—2()‘n—2) Sn72,)\n72 (Z)
= Snan (2) + Snn,_2(2) = Snx, (2) + an—2(An—2) Sn2x,_,(2)-

Now, taking into account that lim,, =1, it suffices to keep in mind

Then, dividing both hand sides of the above expression by P, (z), we obtain
fn(2) = bn(2) fa—2(2) + cn(2), z€C\R (23)

where
Sny)\n (Z)
P.(z) ’
Snn_2 (2) — Snn (2)
Pn(2) '

falz) =

cn(z) =1—

Firstly, we study the limits of the sequences (b,(2)) and (c,(z)). As a
consequence of Lemma 1 we know that

lim c,(z) =1
n—oo

uniformly on compact subsets of C \ R.
With regard to (b,(z)), if L € [0,400) from Proposition 1 and (14)
2 2
O‘an()‘”*Qf) =4 p—2(n — 2)3/2 [l || Pl S — L .
vn—2 kin—2(An—2) (n — 2) [ Po—2| 3r(L)
Moreover, for the monic polynomials P, it is known, (see [6]), that

lim Y= 22y 8
T R ()

uniformly on compact subsets of C \ R. Both results lead to
27, 0 iftL=0

lim b,(2) = ——— = 1 .
e (2) \/gm(L) 7@(2”12*3‘/5) if0< L < +oo
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uniformly on compact subsets of C\ R. In the case L = 400, using formula
(19) we get lim,, by (z) = 1/3, uniformly on compact subsets of C \ R.
Finally, observe that the functions f,, b, and ¢, are analytic in C \
R. Since for L € [0,+00] we have lim,, b,(z) = b, with |br] < 1, and
lim,, ¢,,(z) = 1 uniformly on compact subsets of C \ R, we can deduce that

lim f,(z) =

n—00 1—-bg

uniformly on compact subsets of C \ R. Indeed, for a fixed compact set
K C C\ R there exist constants € (0,1), R > 1 and a positive integer
number ng such that

|bn(2)] <7, |en(2)| <R, for n>ng, z€K.

Thus
[fa(2)] <rlfa2(2)| + R, for n>mng, ze€K,

and therefore we deduce that the sequence (f,) is uniformly bounded on
compact subsets of C \ R.
From (23), we can write

1
1—-bg

fn(z) - =0br fn—Q(Z) - +€n(z)’

1-10p
with
en(z) = (bp(2) = br) fn—2(2) + cn(z) — 1.

Notice that lim, &,(z) = 0, uniformly on compact subsets of C \ R. From
the fact |br| < 1, it is easy to deduce that

lim f,(2) =

n—oo ]_—bL’

uniformly on compact subsets of C \ R. Taking into account the value of by,
with L € [0, +o0], the Theorem is proved. O
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